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Abstract. We apply the yoga of classical homotopy theory to 
classification problems of G-extensions of fusion and braided fu- 
sion categories, where G is a finite group. Namely, we reduce such 
problems to classification (up to homotopy) of maps from BG to 
classifiying spaces of certain higher groupoids. In particular, to ev- 
ery fusion category C we attach the 3-groupoid BrPic(G) of invert- 
ible C-bimodule categories, called the Brauer-Picard groupoid of C, 
such that equivalence classes of G-extensions of C are in bijection 
with homotopy classes of maps from BG to the classifying space 
of BrPic(C). This gives rise to an explicit description of both the 
obstructions to existence of extensions and the data parametrizing 
them; we work these out both topologically and algebraically. 

One of the central results of the paper is that the 2-truncation of 
BrPic(C) is canonically the 2-groupoid of braided autoequivalences 
of the Drinfeld center Z{C) of C. In particular, this implies that the 
Brauer-Picard group BrPic(C) (i.e., the group of equivalence classes 
of invertible C-bimodule categories) is naturally isomorphic to the 
group of braided autoequivalences of Z{C). Thus, if C = VecA, 
where A is a finite abelian group, then BrPic(C) is the orthogonal 
group 0{A A*). This allows one to obtain a rather explicit 
classification of extensions in this case; in particular, in the case 
G = Z2, we rederive (without computations) the classical result 
of Tambara and Yamagami. Moreover, we explicitly describe the 
category of all (Vec^j, VecA2)-bimodule categories (not necessarily 
invertible ones) by showing that it is equivalent to the hyperbolic 
part of the category of Lagrangian correspondences. 
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1. Introduction 

Fusion categories (introduced in [ENOlj ) form a class of relatively 
simple tensor categories. It would be very interesting to give a clas- 
sification of fusion categories but this seems to be out of reach at the 
moment. A more feasible task is to come up with some new examples 
and constructions of such categories. In this paper we are making a 
step in this direction. Namely, for a finite group G there is a natural 
notion of G— graded fusion category, see §23]belo\4ll. The trivial com- 
ponent of a G— graded fusion category is itself a smaller fusion category 
and we say that a G— graded fusion category is G— extension of its triv- 
ial component. The goal of this paper is to apply classical homotopy 
theory to classify G— extensions of a given fusion category. 

To do so, we introduce the Brauer-Picard groupoid of fusion cate- 
gories BrPic . By definition, this is a 3-groupoid, whose objects are fu- 
sion categories, 1-morphisms from C to P are invertible (C, T')-bimodule 
categories, 2-morphisms are equivalences of such bimodule categories, 
and 3-morphisms are isomorphisms of such equivalences. This 
3-groupoid can be truncated in the usual way to a 2-groupoid BrPic and 
further to a 1-groupoid (i.e., an ordinary groupoid) BrPic; the group 
of automorphisms of C in this groupoid is the Brauer-Picard group 
BrPic(C) of C, which is the group of equivalence classes of invertible 
C-bimodule categories. 

We also define the 2-groupoid EqBr, whose objects are braided fusion 
categories, 1-morphisms are braided equivalences, and 2-morphisms are 
isomorphisms of such equivalences. It can be truncated in the usual 
way to an ordinary groupoid EqBr; the group of automorphisms of a 
braided fusion category B in this groupoid is the group EqBr(i3) of 
isomorphism classes of braided autoequivalences of B. 

Let C and V be fusion categories. Any invertible (C, X>)-bimodule 
category Ai naturally gives rise to a Morita equivalence between C and 
V. Hence, by the result of Miiger [Muj it defines a braided equivalence 
of the Drinfeld centers Z{Ai) : Z{C) Z{T>). This implies that the 
operation Z of taking the Drinfeld center is a 2-functor BrPic EqBr. 

Our first main result, which is a strengthening of |EN03l Theorem 
3.1], is 

Theorem 1.1. The 2-functor Z is a fully faithful embedding BrPic —>■ 
EqBr. In particular, for every fusion category C we have a natural 
group isomorphism BrPic{C) = EqBr{Z{C)). 

^We note that one can find in the literature a different (but related) notion of 
graded monoidal category, see |FW[ ICGOj . 
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This result allows one to calculate the group BrPic(C) in the case 
C = VecA, the category of vector spaces graded by a group A. In 
particular, we immediately get the following corollary of Theorem 11.11 

Corollary 1.2. If A is an abelian group andC = VecA then BrPic{C) = 
0{A © A*), the split orthogonal group of A (B A* (i.e. the group of 
automorphisms of A (B A* preserving the hyperbolic quadratic form 

To apply the above to classifying extensions, we recall that to the 
3-groupoid BrPic one can attach its classifying space -B BrPic , defined 
up to homotopy equivalence. This space falls into connected compo- 
nents, labeled by Morita equivalence classes of fusion categories. Each 
connected component i?BrPic(C) corresponding to a fusion category C 
is a 3-type, i.e. it has three nontrivial homotopy groups: its funda- 
mental group TTi is BrPic(C), is the group of isomorphism classes of 
invertible objects of Z{C), and tt^ = (the multiplicative group of 
the ground field). 

It then follows from general abstract nonsense that extensions of C 
by a group G are parametrized by maps of classifying spaces BG —>■ 
i?BrPic(C). Thus, to classify extensions, one needs to classify the ho- 
motopy classes of such maps, which we proceed to do using the classical 
obstruction theory. This leads us to our second main result, which is the 
following explicit description of extensions of fusion categories, which 
is similar to the classical description of group extensions [EM] (and is 
made more explicit in the body of the paper). 

Theorem 1.3. Extensions of a fusion category C by a finite group 
G are parametrized by triples {c,M,a), where c : G ^ BrPic{C) is a 
group homomorphism, M belongs to a certain torsorT^ over H'^{G, 112) 
(where G acts on tt2 via c), and a belongs to a certain torsor over 
H^{G, k^). Here the data c, M must satisfy the conditions that certain 
obstructions 03(c) e H^{G, 7:2) and 04(0, M) G //"^(G, k^) vanish. 



We also give a purely algebraic proof of Theorem 11.31 which does 
not rely on homotopy theory. (This proof spells out the computations 
that on the topological side are hidden in the machinery of homo- 
topy theory). After this, we proceed to examples and applications. In 
particular, we give a conceptual proof of the classification of categori- 
fications of Tambara-Yamagami fusion rings pTYj (the original proof is 
by a direct computation)!^. 



^We note that the quest for a computation-free derivation of the remarkable 
resuh of Tambara and Yamagami was one of motivations for this work. 
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At the end of the paper we discuss a number of related topics. In par- 
ticular, we describe explicitly the monoidal 2-category of all bimodule 
categories over C = VecA (not necessarily invertible ones). It turns out 
to be equivalent to a full subcategory of the category of Lagrangian cor- 
respondences for metric groups (abelian groups with a nondegenerate 
quadratic form). 

1.1. Organization. Section [2] contains background material from the 
theory of fusion categories and their module categories. There is new 
material in Section 12.61 where we give a definition (due to V. Drinfeld) 
of the special orthogonal group of a metric group. 

The notion of a tensor product of module categories over a fusion 
category C plays a central role in this work. It extends categorically the 
notion of tensor product of modules over a ring. In Section [3] we define, 
following |Ta] , the tensor product M. KIc A/" of a right C-module category 
Ai and a left C-module category A/" by a certain universal property. 
We prove its existence and give several equivalent characterizations 
of it useful for practical purposes. We also introduce a monoidal 2- 
category Bimodc(C) of C-bimodule categories and explicitly describe 
the product of bimodule categories over the categories of vector spaces 
graded by abelian groups. 

In Section m we study bimodule categories invertible under the above 
tensor product. We introduce for a fusion category C its categorical 
Brauer-Picard 2-group BrPic(C) consisting of invertible C-bimodule 
catgeories and for a braided fusion category S its categorical Picard 
2-group Pic(i3) consisting of invertible i3-module categories. 

Section [S] contains the proof of Theorem 11.11 and its generalization 
Theorem 15. 2[ 

In Section [6] we prove that homogeneous components of a fusion 
category C = (Bgf^cCg graded by a finite group G (i.e., a G-extension) 
are invertible bimodule categories over the trivial component Cg. 

In Section [7] we show that morphisms from a group G to various cat- 
egorical groups attached to a (braided) fusion category C (or, equiva- 
lently, maps between the corresponding classifying spaces) are in bijec- 
tion with fundamental tensor category constructions involving G and 
C: extensions, actions, braided G-crossed extensions, etc. Here we also 
give a topological version of the proof of Theorem II. 3[ 

In Section [8] we give a detailed algebraic version of the proof of Theo- 
rem 11.31 We give a formula for the associativity constraint obstruction 
04(0, M) in terms of the Pontryagin- Whitehead quadratic function 
and prove a divisibility Theorem 18.161 for the order of 04(0, M) in 
H^{G, k^). 



6 PAVEL ETINGOF, DMITRI NIKSHYCH, AND VICTOR OSTRIK 

In Section [9] we apply our classification of extensions to recover 
Tambara-Yamagami categories [TY] as Z/2Z-extensions of the cate- 
gory VecA of y4-graded vector spaces, where A is an abelian group. 

In Section [To] we explicitly describe tensor products of (Vec^— Vec^)- 
bimodule categories, where A, B are finite abelian groups. This de- 
scription is given in terms of elementary linear algebra and uses the 
language of Lagrangian correspondences. 

Finally, in the appendix, written by Ehud Meir, it is explicitly shown 
using the Lyndon-Hochschild-Serre spectral sequence that it the case 
of pointed extensions, our classification of extensions reproduces the 
usual theory of extensions of groups with 3-cocycles. 

Remark 1.4. 1. We emphasize that the homotopy-theoretic approach 
to monoidal categories in the style of this paper is not new, and by now 
is largely a part of folklore. The principal goal of this paper is to use 
this approach to obtain concrete results about classification of fusion 
categories. 

2. We expect that the results of this paper extend, with appro- 
priate changes, to the case of not necessarily semisimple finite tensor 
categories, using the methods of [EO]. One of the new features will 
be that in the non-semisimple case, the groups Pic(C), EqBr(;B) need 
not be finite groups - they may be affine algebraic groups of positive 
dimension. 

1.2. Acknowledgments. We are deeply grateful to V. Drinfeld for 
many inspiring conversations. Without his influence, this paper would 
not have been written. In particular, he suggested the main idea - 
to use homotopy theory of classifying spaces to describe extensions of 
fusion categories. We also thank Jacob Lurie for useful discussions (in 
particular, for explanations regarding Proposition 17.61) . and Fernando 
Muro for explanations and references. The work of P.E. was partially 
supported by the NSF grant DMS-0504847. The work of D.N. was 
partially supported by the NSA grant H98230-07-1-0081 and the NSF 
grant DMS-0800545. The work of V.O. was partially supported by the 
NSF grant DMS-0602263. 

2. Preliminaries 

2.1. General conventions. In this paper, we will freely use the basic 
theory of fusion categories and module categories over them. For basics 
on these topics, we refer the reader to [BKl OH lENUll IDGNOj . All 
fusion categories in this paper will be over an algebraically closed field 
k of characteristic zero, and all module categories will be semisimple 
left module categories (unless noted otherwise). We will also use the 
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theory of higher categories and especially higher groupoids, for which 
we refer the reader to [Luj . However, for reader's convenience, we recall 
some of the most important definitions and facts that are used below. 

2.2. Categorical ra-groups. For an integer n > 1, a categorical n- 
group is a monoidal n-groupoid whose objects are invertible. In par- 
ticular, a categorical 0-group is an ordinary group, and a categorical 
1-group (or simply a categorical group) is also called a gr-category (if 
the corresponding group of objects is abelian, such a structure is often 
called a Picard groupoid). Any categorical ra-group can be viewed as 
an (n + l)-groupoid with one object, and vice versa. 

Note that any categorical n-group can be truncated to a categorical 
(n — 1) -group by forgetting the n-morphisms and identifying isomorphic 
{n — l)-morphisms. Conversely, any categorical {n — l)-group can be 
regarded as a categorical n-group by adding the identity n-morphism 
from every {n — l)-morphism to itself. 

2.3. Graded tensor categories and extensions. Let G be a finite 
group. Recall that a G-grading on a tensor category C is a decomposi- 
tion 

(1) c = 

g€G 

into a direct sum of full abelian subcategories such that the tensor 
product (S> maps Cg x Ch to Cgh for all g,h E G. In this case, the trivial 
component Cg is a full tensor subcategory of C, and each Cg is a Ce- 
bimodule category. We will always assume that the grading is faithful, 
i.e., 7^ for all g eG. 

Definition 2.1. A G-extension of a fusion category "D is a G-graded 
fusion category C whose trivial component is equivalent to P. 

2.4. Quadratic forms, bicharacters, metric groups, Lagrangian 
subgroups. Let Ehe & finite abelian group. A bicharacter on E with 
values in is a biadditive map b : E x E —* . A symmetric bichar- 
acter on E (also called an inner product or a symmetric bilinear form) 
is a bicharacter b such that b{x, y) = b{y, x). A skew- symmetric bichar- 
acter on E (also called a skew-symmetric bilinear form) is a bicharacter 
b such that b{x,x) = 1. 

Let E* = Hom(£^, k^) be the character group of E. By acting on its 
first argument, any bicharacter b on E defines a group homomorphism 
b : E ^ E*. We say that b is nondegenerate if b is an isomorphism. 
Note that if E admits a nondegenerate skew-symmetric bicharacter, 
then \E\ is a square. 
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A quadratic form on is a function g : — > such that q{x) = 
q{x~^), and bq{x,y) := q{x + y)/q{x)q{y) is a symmetric bihnear form. 
If the order of the group E is odd, the assignment q ^ bg defines a 
bijection between symmetric bihnear forms and quadratic forms, but 
in general, it is not a bijection. 

We will say that a quadratic form q is nondegenerate if the bilinear 
form bq is nondegenerate. In this case we say that {E, q) is a metric 
group. To every metric group {E, q) , one can attach its orthogonal group 
0{E,q), which is the group of automorphisms of E preserving q. For 
example, if A is any finite abelian group then A© A* is a metric group, 
with hyperbolic quadratic form q{a, f) := /(a). To simplify notation, 
we will denote the corresponding orthogonal group by 0{A (B A*). 

If ii^ is a finite abelian group with a bicharacter b, and N G E is 
a subgroup, then the orthogonal complement N-^ is the set of a G -E 
such that b{x, a) = 1 for any x G N. If 6 is nondegenerate, then N-^ is 
identified with E/N, so |A^| ■ |A^^| = \E\. 

Let {E, q) be a metric group. We say that a subgroup L of is 
isotropic if q{a) = 1 for any a E L. This implies that bg{L) C (E/L)*, 
which implies that |Lp < \E\. We say that an isotropic subgroup L of 
E is Lagrangian if |Lp = \E\. 

2.5. Probenius-Perron dimensions in module categories. Let C 

be a fusion category and let be a C-module category. Recall that 
for a pair of objects M, N G their internal Hom is the object of C 
denoted Hom(M, A^) determined by the natural isomorphism 

Homc(X, Hom(M, A^)) ^ Hom;vi(X M, N), X eC. 

We use this notion to define canonical Frobenius-Perron dimensions of 
objects of Ai. Let Kq{C), Ko{A4) be the Grothendieck ring of C and 
the Grothendieck group of Ai. It follows from [ENOl ] that there is a 
unique A'o(C)-module map 



for all objects M, N e M. 

Let M. be an indecomposable left C-module category. Let 0{C) and 
0{A4) denote the sets of isomorphism classes of simple objects in C 
and M. 



FPdim : Ko{M) 




FPdim(Hom(M, A^)) = FPdim(M)FPdim(Ar) 



Proposition 2.2. 



MeO(M) 



FPdim{Mf = dim(C). 



FUSION CATEGORIES AND HOMOTOPY THEORY 9 

Proof. Let Rc '■= J^xeoic) FPdim(X)X G Ko{C) be the virtual regu- 
lar object of C. We choose a Frobenius-Perron dimension function 
d : KqIM) ^ M as in [ENOlt Proposition 8.7] normalized by 

J2 d{Mf = FPdim(C) 

MeO{M) 

and let Rm '■= J^MeOiM) d{M)M. We compute 

J2 FPdim(M)2 = FPdim(©MeO(Af)Hom(M, M)) 

J2 [Rc®M -M] 

MeO{M) 

= d{M)[RM:M] 

MeO{M) 

J2 d{Mf = FPdim(C), 

MeO{M) 

as required. □ 

Remark 2.3. The Frobenius-Perron dimensions in Ai defined in ((21) 
are completely determined by the following properties: 

(i) FPdim(M) > for all M E C(M), 

(ii) FPdim(X ® M) = FPdim(X)FPdim(M) for all X e C, M e 
M., 

(iii) EMeoiM) FPdim(^)2 = dim(C). 

2.6. The special orthogonal group. Let (M, q) be a metric group. 
If Li, L2 C M are Lagrangian subgroups, define d{Li, L2) G Q>o/ (Q>o)^ 
to be the image of the number |Li|/|Li fl L2I = IL2I/IL1 fl L2I = 
\M\^/y\Li n L2I e N. Clearly d{L2, Li) = d{Li,L2) = d{Li,L2)-^ 
and d{L, L) = 1. 

The following proposition and its proof were provided to us by V. 
Drinfeld. 

Proposition 2.4. d{Li, L2)d{L2, L^) = d{Li,Ls) for any Lagrangian 
subgroups Li, L2, -L3 C M. 

The proposition follows from Lemmas 12.51 - [2l6] below. 

Lemma 2.5. d{Li, L2)d{L2, L3) / d{Li, L^) e Q>o/(Q>o)^ is the image 
of\A/B\ eN, where A := {U+L2)nL^, B := (Li n L3) + (L2 n L3). 
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Proof. By definition, d{U,L2)d{L2,L;)/d{Li,L^) E Q^o/(Q>o)' is the 
image of 

\Li\ ■ IL2I ■ IL3I ■ |Li n LsT^ ■ \Li n Lsl'^ ■ IL2 n L^l^^ e N 

On tlie otlier liand, 

\B\ = iLiRLsl ■ iLsnLal/lLinLaHLgl, 

\A\ = |Li + L2I ■ IL3I/IL1 + L2 + L3I 

= \Li\ ■ |-^2| ■ l-^sl ■ \Li n L2I ■ \Li + L2 + i^sl 

Finally, LinL2nL3 = (Li+L2 + L3)^, so iLinLaHLsl ■ IL1 + L2 + L3I = 
|M| = |Ljp is a square. □ 

By Lemma 12.51 proving Proposition 12.41 amounts to sliowing tliat 
is a square. To tliis end, it suffices to construct a non-degenerate 
skew-symmetric bicharacter c : {A/B) x {A/B) — ^ k^. 

Here is the construction. Let x,y E A := {Li + L2) fl L3. Represent 
X and y as 

x = X1 + X2, y = yi + 2/2, a;^, yi e Li 
and set c(x,y) := b{xi,y2) = b{x,y2) = b{xi,y2), where b : M x M ^ 
k^ is the symmetric bicharacter associated to q. It is easy to see that 
c : A X A ^ is a well-defined bicharacter. 

Lemma 2.6. (i) c{x,x) = 1. 

(ii) The kernel of c : A x A equals B. 

Proof, (i) c(x, x) = 6(xi,X2) = q{x)q{xi)^^ q{x2)^^ = 1 because x G L3, 
Xi e Li, and X2 E L2. 

(ii) An element x E A belongs to the kernel of c if and only if 
b{x, y) = 1 for all ?/ G L2 fl (Li -|- L3). The orthogonal complement of 
L2 n (Li L3) with respect to 6 : M x M ^ k"" equals L2 + (Li n L3), 
so Kerc = An{L2 + (LinLs)). Since A C L3 we see that Kerc C {L2n 
Ls) + {LinLs) = B. On the other hand, B C A and 5 C L2 + {Lir}Lz), 
so B G Ker c. □ 

Now for a metric group E and g G 0{E, q) define det(5') G Q>o/ (Q>o)^ 
to be the image of K^f — 1)E\ G N. 

Proposition 2.7. T/ie map det : 0{E,q) Q>o/(Q>o)^ a /iomo- 

Proof. Let g,h E 0{E,q), and let M = © with quadratic form 
Q{x,y) = q{y)/q{x), x,y E E. Let Li,L2,L3 C M be the graphs of 
Id, g~^, and h. They are Lagrangian, and Li (1 L2 = KeT{g — 1), so 
d{Li,L2) = det{g). Similarly, d{Li,Ls) = det{h), and ^(^2,-^3) = 
det{gh). Thus, by Proposition 12. 4[ det{gh) = det{g) det{h) . □ 
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Proposition 2.8. If L is a Lagrangian subgroup of E then det{g) = 
d{L,g{L)). 

Proof. First, note that by Proposition 12. 4[ d{L,g{L)) is independent 
on the choice of L. So let us call this function S{g). Next, note that 
^{g) = ^{g, 1), where {g, 1) G 0{E © E, g"^ © q). Finally, note that 

S{g, 1) = d{Edi^g, {g, l)(^diag)) = det(^), 

where -Ediag is the diagonal copy of E. □ 

Definition 2.9. The kernel of the homomorphism 

det:0(E,g)^Q^o/(Q^o)' 
is called the special orthogonal group and denoted by SO{E, q). 

Remark 2.10. If E is a vector space over Fp with p > 2, then it is 
easy to see that det is the usual determinant (so Definition 12.91 agrees 
with the familiar one from linear algebra). Indeed, in this case, any 
orthogonal transformation is the composition of reflections, and it is 
clear that on reflections, the two definitions of the determinant coincide. 
On the other hand, if ii^ is a vector space over F2 and q takes values 
±1 (i.e., in F2), then dei{g) coincides with the Dickson invariant of g 
|Dij . (which is also known as Dickson's pseudodeterminant [G]), while 
the usual determinant is trivial. 

2.7. Module categories over \ecQ. Let G be a finite group and let 
C := VecG be the fusion category of G-graded vector spaces. We will 
denote simple objects of Vecc simply by (7 G G. 

Recall that equivalence classes of indecomposable left Vecc-module 
categories correspond to pairs (if, where H C. G is a subgroup 
and if) G Z^{H, k^) is a 2-cocycle (modulo cohomological equivalence). 
Namely, let Ai be an indecomposable left Vecc-module category, and 
let F be a simple object of A^. Set H := {g e G \ g Y = Y} 
and let iIj{xi,X2),Xi,X2 G if be the scalar such that the associativity 
constraint 

(Xi © X2) © F ^ Xi © {X2 © Y) 

is given by il!{xi,X2)idxiX2Y- Let A4{H,ip) denote the Vecc-module 
category corresponding to (Hjip). Note that the set of isomorphism 
classes of simple objects of M.{H,ip) is in bijection with the set G/H 
of right cosets of H in G. 

For any x G G set := xHx~^ and define ip^ G Z^(ii^,k^) by 

ijj'' {xyix~^ , xy2X~^) := V^(?/i, 2/2), I/2 e H. 
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Two VecG-niodule categories A4{H, ip) and A4{H', ip') are equivalent if 
and only if there is x E G such that H' — xHx~^ and ■0' is cohomolo- 
gous to ip^. 

If H is abelian, then H^{H,k^) is the group of skew-symmetric 
bicharacters of H. Thus, if yl is a finite abelian group, then the in- 
decomposable left module categories over Vec^ are A^(i7, -0), where 
H G A is a subgroup, and is a skew-symmetric bicharacter of H. 

Let A, B be abelian groups, (p : B ^ Ahe a, group homomorphism 
(not necessarily injective), and ^ be a skew-symmetric bicharacter of 
B with coefficients in k^. Let K — Ker0, K-^ be the orthogonal 
complement of X in S under ^, and H — (t){K^). It is easy to show 
that ^ descends to a skew-symmetric bicharacter of if, which we will 
denote by tp. 

Proposition 2.11. Let M he the category of A- graded vector spaces 
which are right- equivariant under the action of B (via (p) with 2-cocycle 
^. Then as a left Vcca module, N = m ■ M.{H, where 



m = ' '"' — ^ = |ii:nRad(0|. 



\K\ 








\B 





Proof. The simple objects of M are obviously parameterized by pairs 
where z G A/(}){B), and p is an irreducible projective represen- 
tation of K with cohomology class ^\k, which implies that the number 
of simple objects of Af and m ■ M.{H, ip) is the same. 

Now consider the stabilizer of a pair {z, p) in A. Obviously, S is 
contained in (j){B), since an element of S must preserve z. Further, 
if g e B, the action of (l){g) on p is by tensoring with the character 
^{g,-)- So the condition that (j){g) fixes p is that C,{g,k) = 1 for any 
k G Rad(^lx) = K-^nK, i.e. g G K + K^ (indeed, we have the equality 
{K n K^)^ = K^^ + = K + K^, since K^^ = K + Rad(0, and 
contains Rad(.^)). Thus S = H. It is straightforward to check that 
the corresponding second cohomology class on S is exactly ip. The 
proposition is proved. □ 

We also have the following proposition, whose proof is easy and omit- 
ted. 

Proposition 2.12. Let A be a finite abelian group, H,B C A sub- 
groups, and ip G H^{H,k^) be a skew- symmetric bicharacter. Then 
one has an equivalence of left Vecs-module categories 

MiH,iP)\vecs ^ rn ■ MiH n B,iP\HnB), 
where m is the index of B -\- H in A. 
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2.8. The center of a bimodule category. Let C be a fusion category 
with unit object 1 and associativity constraint oixy,z '■ {X®Y) —>■ 
X ^ (Y ® Z), and let Ai he a. C-bimodule category. The foUowing 
definition was given in |GNNj . 

Definition 2.13. The center of Ai is the category 2^c(A^) of C-bimodule 
functors from C to A4. 

Explicitly, the objects of Zc{Ai) are pairs (M, 7), where M is an 
object of A4 and 

(3) 7 = {7x : X O M ^ M O Xj^ec 

is a natural family of isomorphisms making the following diagram com- 
mutative: 

Q,-l 

(4) X O (M O r) ±^^21^ {X(g)M)(g)Y 



X®{Y®M) {M®X)0Y 



5,-1 

''m,x,y. 



{X®Y)®M — M®{X®Y) 



where a's denote the associativity constraints in M.. 

Indeed, a C-bimodule functor F : C — is completely determined 
by the pair (-F(l), {^x^x^c)-, where 7 = {7x}x6C is the collection of 
isomorphisms 

7x : X ® ^ F[X) ^ F{1) ® X 
coming from the C-bimodule structure on F. 

Remark 2.14. Zc{Ai) is a semisimple abelian category. It has a 
natural structure of a Z(C)-module category. Also, it is clear that 
Zc{C) = Z{C). 

2.9. The opposite module category. Let C be a fusion category, 
and A4 a right C-module category. Let A4°^ be the category opposite 
to Ai. Then A^°p is a left C-module category with the C-action © given 
by X M := M (g) *X. Similarly, if A/" is a left C-module category, 
then Af°^ is a right C-module category, with the C-action © given by 
X © X := X* (g) X. Note that (A1°p)°p is canonically equivalent to M 
as a C-module category. 

More generally, given a (C, X')-bimodule category A^, the above def- 
initions make Ai°^ a {V, C)-bimodule category. 
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3. Tensor product of module categories 



3.1. Definition of the tensor product of module categories over 
a fusion category. Let C, V be fusion categories. By definition, a 
(C, P)-bimodule category is a module category over C Kl P^'^^, where 
V^^"^ is the category T> with reversed tensor product. 

Let = m) be a right C-module category and let Af = {J\f, n) 
be a left C-module category. Here m and n are the associativity con- 
straints: 



■{M®X)®Y, 
X®{Y®N), 



M®{X®Y) 

nx.Y,N '■ 

where X,Y C, M e M, N e M . 

Let ^ be a semisimple abelian category. 

Definition 3.1. Let F : M. ^ M ^ Ahe a, bifunctor additive in every 
argument. We say that F is C-balanced if there is a natural family of 
isomorphisms 

bM,x,N : F{M ®X,N) = F{M, X^N), 

satisfying the following commutative diagram 
(5) 

F{M ® (X ® Y), N) "^^^^^ F((M ® X) ® y, N) 



JM^X,Y,N 



F{M, (X ® r) ® X) 



F(M ® X, F ® X) 



"M,X,Y^N 



F(M, X® (r ®X)), 
for a\\ M e M, N eM, X,Y eC. 

Remark 3.2. A bifunctor Ai x JV ^ A as above canonically extends 
to a functor Ai ^ Af ^ A, where M Kl A/" is the Deligne product 
of abelian categories [Dj. Clearly, one can formulate the balancing 
property in terms of functors A4 ^ N" —>■ A. 

We define tensor product of C-module categories by "categorifying" 
the definition of a tensor product of modules over a ring. This extends 
the notion of Deligne's tensor product of abelian categories (i.e., module 
categories over Vec) to the context of module categories over tensor 
categories. In the setting of additive k-linear (not necessarily abelian) 
categories the notion of tensor product of module categories was given 
by D. Tambara in |Ta] . 
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Definition 3.3. A tensor product of a right C-module category M. and 
a left C-module category N is an abelian category JvIMq N together 
with a C-balanced functor 

(6) Bm,m -.M^M^MMcM 

inducing, for every abelian category A, an equivalence between the 
category of C-balanced functors from M.x M to A and the category of 
functors from M.Mc M io A: 

(7) ^vji^ai{M xU,A)^ ¥xm{M A/", A). 

Remark 3.4. Equivalently, bifunctor ^ is universal for all C-balanced 
bifunctors from x A/" to abelian categories. In other words, for any 
C-balanced functor F : M. ^ M ^ A there exists a unique additive 
functor F' : M.McM ^ A making the following diagram commutative 

(8) MxU 

M^cJ^--^---^A. 

If M. and TV are C-bimodule categories then so is M. Kl^ M . 

3.2. Tensor product as a category of module functors. Let us 

show that the tensor product of bimodule categories introduced in Def- 
inition [33] does exist. 

Let C be a fusion category, let M.he a. right C-module category and 
A/" be a left C-module category. There is an obvious equivalence 

(9) M^U ^ Fun(A<°P, AT) : M K iV ^ HomA^(-, M) ® N, 

Under the isomorphism C-balanced functors Ai^J\f A corre- 
spond to functors F : Fun(A^°P, A/") A with an isomorphism 

(10) F(T(X(g)?)) = F(X(g)T(?)), where T : A<°P ^ A/", 
satisfying a coherence condition similar to diagram 
Proposition 3.5. There is an equivalence of abelian categories 

(11) M^cf^= FunciM"", AT). 

Proof. Let F : Ai ^ JV ^ A he the extension of some C-balanced 
bifunctor as in Remark 13.21 and let G : ^ — >^ A^ Kl A/" be its right 
adjoint. Using the equivalence ([9]) and coherence (fTOl) one can check 
that for every A & A the functor G{A) in Fun(A^°P, A/") has a canonical 
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structure of a C-module functor. Thus, G factors through the obvious 
forgetful functor U : Func(A<°P, U) Fun(A<°P, M): 

(12) Fun(A<°P, U) 



u 




Func(A<°P, AT) - - A. 

Taking left adjoints we recover diagram ([8]). □ 

Remark 3.6. (i) It is easy to see that if is a (P, C)-bimodule 
category, and A/" is a (C, £^)-bimodule category then (fTT!) is an 
equivalence of {V, £^)-bimodule categories, 
(ii) Let be a right C-module category, Af a (C, r')-bimodule cate- 
gory, and K, a left P-module category. Then there is a canonical 
equivalence {M McN')^vK: = M {M /C) of categories. 
Hence the notation M.Mc M Mx> /C will yield no ambiguity. 

We refer the reader to the work of J. Greenough [Gr] for an al- 
ternative proof of Proposition 13.51 It is shown in [GrJ that for any 
fusion category C its bimodule categories equipped with the tensor 
product Mc form a (non semi-strict) monoidal 2-category in the sense 
of Kapranov and Voevodsky |KVj . We denote this monoidal 2-category 
by Bimodc(C). 

More generally, one can define the tricategory Bimodc of bimod- 
ule categories over fusion categories, in which 1-morphisms from C 
to T> are (C, P)-bimodule categories (with composition being tensor 
product of bimodule categories as defined above), 2-morphisms are bi- 
module functors between such bimodule categories, and 3-morphisms 
are morphisms of such bimodule functors. Then Bimodc(C) consists 
of 1-morphisms from C to C in Bimodc, and the corresponding 2- 
morphisms and 3-morphisms. 

Remark 3.7. The tricategory Bimodc is a categorification of the 2- 
category Bimod, whose objects are rings, 1-morphisms are bimodules, 
and 2-morphisms are homomorphisms of bimodules. 

3.3. Tensor product as the center of a bimodule category. Let 

C be a fusion category. Below we describe the tensor product of C- 
module categories in a way convenient for computations. Recall that 
the center of a C-bimodule category was defined in Section 12. 8[ 

As before, let A^ be a right C-module category and let A/" be a left 
C-module category. The category M.^J\f has a natural structure of a 
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C-bimodule category. It turns out that its center Zc{M. KIA/") can be 
identified with M J^- 

Let F : M X M ^ Ahe a C-balanccd functor. Let F : MMAf ^ A 
be the extension of F and let G : ^ ^ lEI A'' be the functor right 
adjoint to F. Let 

(13) I : Hom^(F(\/), W) ^ RouiMm/iV, G{W)) 
be the adjunction isomorphism. Let 

cx,G{A) ■ G{A) 0{XM1) = {1MX)^ G{A), A e A, 

be the image under i of the isomorphism 

bv*x ■■ F(V (*X m 1)) ^ F((l ^*X)®V), V eM. 

Then G{A) is an object of ZdM MAf) and G' : A ^ Zc{M ^ Af) : 
A ^ G{A) satisfies UG' = G, where 

(14) U : ZciMMAf) ^ MMAf 
is the obvious forgetful functor. Let 

(15) lM,M-M^Af^ ZciM^Af) 
be the right adjoint of U. 

Proposition 3.8. There is a canonical equivalence 

MMcX^ Zc(M^X) 

such that Im,jv '■ -Ad^Af — > Zc{A4 Kl A/") is identified with the extension 
of the universal bifunctor Bmj^ : A1 x A/" — > A1 Klc A/". 

Proof. Prom the above discussion we have a commutative diagram 

(16) MMM 



u 




Zc{M McM)^-- A. 

Taking the adjoint diagram gives the result. □ 

Remark 3.9. There is yet one more description of M. McM. Namely, 
let A G CKIC'^^ be the object representing the functor ® : CKIC'^^ C. 
Then A = (Bx ^* ^ ^ (summation taken over simple objects of C) is 
an algebra in C Kl C"^^^, and A^ Klc A/" is equivalent to the category of 
left A-modules in Al Kl J\f. The canonical functor 
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is identified with the middle multiphcation by A. 

3.4. Tensor product of module categories over a braided cat- 
egory. Let B he a. braided fusion category. Since every left (or right) 
i3- module category is automatically a S-bimodule category (using the 
braiding in B), one can tensor any two such categories, to get a third 
one. Let Modc(i3) denote the monoidal 2-category of (left) S-module 
categories. Clearly, Modc(i3) is a full subcategory of the monoidal 
2-category Bimodc(i3) of all i3-bimodule categories. 

Remark 3.10. The monoidal 2-category Modc(i3) is a categorifica- 
tion of the monoidal category Mod (A) of modules over a commutative 
ring A. Note that unlike Mod(A), the monoidal 2-category Modc(i3) 
is, in general, not symmetric or braided; in fact, in this category, X^Y 
may be non- isomorphic to Y ^ X. 

Let C be a fusion category. Recall |EOj that there is a 2-equivalence 

(17) Zc : Bimodc(C) ^ Modc(Z(C)) : M ^ Zc{M), 

where the center Zc{M.) is defined in Section [Z!8l 

The next Proposition is proved in [Grj. We include its proof for 
reader's convenience. 

Proposition 3.11. The 2-equivalence Zq is monoidal. That is, for 
any pair Ai, M of C-bimodule categories we have a natural equivalence 

(18) ZciM Mc Af) = Zc{M) ^^(c) ZdAf), 
which satisfies appropriate compatibility conditions. 

Proof. By Proposition 13.81 the left hand side of f|T8|) is identified as a 
Z(C)-module category with Zcm'^"" {-M. Kl A/") where the left and right 
actions of the object X^Y eC^ C'"^ on M MN e MM J\f a.ie given 
by 

{XMY)®{MMN) := {X ^ M) M (Y ® N) 
{MMN)^{XMY) := {M (g)Y) M {N ^ X). 

On the other hand, combining Proposition 13.51 and the 2-equivalence 
(IT7|) we obtain a sequence of Z(C)-module category equivalences 

Zc{M)Mz(c)M-^) = Fnnz(^c){MMr,Zc{Ar)) 

^ FuncKc-(^°P, A/") 
= Zcm^c.{MMAf), 

where the bimodule action of C lEl C'^^ on Kl TV is the same as the 
one described above. □ 
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Remark 3.12. It is possible to show that ( |T71) is an equivalence of 
monoidal 2-categories. 

Corollary 3.13. Any Morita equivalence between fusion categories Ci 
andC2 canonically gives rise to an equivalence of monoidal 2- categories 
Bimodc(Ci) and Bimodc(C2). 

Proof. By |Muj . the Morita equivalence between Ci and C2 gives rise to 
an equivalence Z{Ci) = ZiC'i) as braided fusion categories, and so the 
result follows from Proposition I3.11[ □ 

The next statement was formulated in |DGNOl Section 4.3]. 

Corollary 3.14. Let Ci and C2 be Morita equivalent fusion categories. 
Let /Cj, i = 1,2 be the 2-category of fusion categories C equipped with a 
tensor functor Ci —>■ C. Then ICi and IC2 are 2-equivalent. 

Proof. This follows from the observation that /Cj can be interpreted as 
the 2-category of algebras in Cj, i = 1,2 (cf. [DGNOt Remarks 4.38(i)]). 

□ 

3.5. Tensor product of module categories over Ybca, where A 
is a finite abelian group. Let A be an abelian group and C = Vecyi. 
Since C is a symmetric category, any left C-module category can be 
viewed as a right C-module category, and thus the dual A4°^ of a left 
C-module category is again a left C-module category. Also, the 
tensor product over C of two left C-module categories is again a left 
C-module category. 

For any subgroup H G A and a skew-symmetric bicharacter ip on 
H let M.{H,iIj) be the C-module category constructed in Section [521 
The following Lemma is easy, and its proof is omitted. 

Lemma 3.15. One has M{H,ij)°'P = M{H,^~^). 

Now let us give an explicit description of the tensor product of C- 
module categories. 

We repeat the construction preceding Proposition l2.11[ Let Hi,H2 C 
A be subgroups of a finite abelian group A, and ipi,ip2 be skew-symmetric 
bicharacters on them. Consider the group Hi fl H2 embedded antidi- 
agonally (i.e., hj h ^ {-h, h)) into Hi © H2. Let {Hi n H2)^ be the 
orthogonal complement of this group under the bicharacter ipi x tp2 on 
Hi © H2. Let H be the image of {Hi n H2)-^ in Hi + H2 C A, under 
the map {hi, h2) ^-^ hi + /12. We have an exact sequence 

^ Rad((V>i X ^2)\H,nH,) ^ {Hi n i/a)^ ^ H ^ 

Therefore, the bicharacter {ipi x %lj2)\(^Hir\H2)^ descends to a bicharacter 
on H , which we will denote by if). 
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Proposition 3.16. One has 

MiHi,^i)Mc MiH2,^2) = m ■ MiH,tlj), 

where 

m = mnH,)y \H,nH,\ ^ ^ ^ ^^^^^^ ^ ^^^1^ 

l-nil ■ \tl2\ 
Proof. Using Lemma [3. 151 we get 

Kc-M(i^2,V^2) = Func(A<(i7i,^r'),'^(^2,^2)). 

According to |01] . this category can be described as the category of 
A-graded vector spaces which are left equivariant under the action of 
Hi with 2-cocycle ipi and right equivariant under the action of H2 
with 2-cocycle ip2- Since A is abelian, this is the same as considering 
A-graded vector spaces which are right-equivariant under the action 
Hi © H2 with cocycle ipi x ijj2. So the result follows immediately from 
Proposition I2.11[ □ 

Corollary 3.17. (i) The C-module category A4{H,iIj) is invertible if 
and only if ip is nondegenerate. 

(a) The group of equivalence classes of invertible C-module categories 
is naturally isomorphic to the group H'^{A* of skew- symmetric 
bicharacters of A* via A4{H,iIj) i-h> i/j'^Ia*, where ip"^ is the bicharacter 
on H* dual to ip (i.e., tp"^ = ip~^). 

Proof. This follows from Proposition 13.161 via a direct calculation. □ 

Example 3.18. Assume that Hi = H2 = A, and ipi,'ip2 are such that 
ipiip2 is a nondegenerate bicharacter. In this case, Proposition 13.161 
implies that H = A and 

^=1plO {lpii)2)~^ O ^2 = ^"2 O {i'l1p2)~^ O i'l- 

Note that if ipi,ip2 are themselves nondegenerate, this is a special case 
of Corollary 13.171 

3.6. Tensor product of bimodule categories. Let us now compute 
the tensor product of bimodule categories over the categories of vector 
spaces graded by finite abelian groups. 

Let 741,^42,^3 be finite abehan groups. Let H C Ai Q) A2, H' C 
A2 ® A^ be subgroups, and let 'ip.'ip' be skew-symmetric bicharacters 
of H, H' respectively. Let us repeat, with some modifications, the 
construction preceding Proposition I2.11[ Namely, let H o H' he the 
subgroup of elements (01,-02,02,03) in if © H', and H H H' C A2 
be the intersection of H and H' with A2. We regard H (1 H' as a 
subgroup of H o H' via the antidiagonal embedding h {—h, h), and 
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let {H n H')^ denote the orthogonal complement of H (1 H' in H o H' 
with respect to the bicharacter [ip x iP')\hoH'- Finally, let H" be the 
image of {HnH')-^ in Ai^A^. Obviously, the bicharacter {ip x iP')\hoH' 
descends to a skew-symmetric bicharacter of H", which we denote by 

Then we have the following proposition, whose proof is parallel to 
the proof of Proposition I3.16[ 

For a subgroup B G A of a finite abelian group A, write B± for 
the annihilator of B in A* (to avoid confusion with the orthogonal 
complement with respect to a bicharacter, we use a subscript rather 
than a superscript). 

Proposition 3.19. 

M{H,ij) Ky,,^^ MiH',^') = m ■ M{H",r), 

where 



m 



IHnH' 



\HnH'\ 










\H\ 




\H'\ 





\HoH'\ 

Proof. Let B := H ® H' ® Ag, and : 5 © ^2 © © A3 be the 

homomorphism given by the formula (/)(/;,, h\ a) = {h, h') + (0, a, —a, 0). 
Let ^ denote the bicharacter ip x ip' x 1 of B. 
Using Lemma I3.15[ we get 

Thus, according to [i OlJ , J\f can be described as the category of Ai © 
A2(BA2(BA3-gTaded vector spaces which are right equivariant under the 
action B with cocycle ^. By Proposition 12. IH this means that as a left 
VecAi®A2ffiA2ffiA3-iiiodule category, M is equivalent to r ■ A4{E, 9), with 
E = (pi^Kj^), 6 = C,\e (the pushforward of C, to E, which is obviously 
well-defined), and 





K\ 








\H 




\H' 




A2I 



where K = Ker(0) = H n H' embedded into if © if' © ^2 via a 
(a, —a, a). (Here stands for the orthogonal complement of K in 
B.) Thus, by Proposition 12.121 as a left VecAi®yi3-module category, Af 
is indeed a multiple of Ai{H", ip"). 

It remains to prove the formulas for the coefficient m. /^From the 
above we get 

^ = lf,rf?2"'f^^| |Coker(ir^ _ A2 © ^2)1 = 
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\HnH'\ ■ \A2\ 
\H\ ■ \H'\ 



\HnH' 




A2\ 




\H\ 




H' 





(HnH- 



which is the first formula for m. To get the second formula, note that 
we have an exact sequence 

0-^HoH' ^H®H' ^A2^{H^n H'^Y 0, 

so 





A2 




H±nH'^\ 


\H 




H'\ 




\HoH'\ 



Substituting this into the first formula, we get 

which is the second formula for m. □ 

4. Higher groupoids attached to fusion categories 

4.1. Invertible bimodule categories over fusion categories and 
the Brauer-Picard 3-groupoid. Let C,V be fusion categories. Re- 
call from Section [2l9] that given a (C, r')-bimodule category J\4 its op- 
posite A^°P is a (V, C)-bimodule category. 

Definition 4.1. We will say that a (C, P)-bimodule category Ai is 
invertible if there exist bimodule equivalences 

(19) A^°P ^cM = V and M M"'' = C. 

Let be a (C, P)-bimodule category. We will denote Func(A^, Ai) 
(respectively, Fun(A^, A4)v) the category of left (respectively, right) 
module endofunctors of A^. Note that these categories Func(A^, A^) 
and Fun(Ai, A4)d are at the same time multifusion categories and 
bimodule categories (over V and C, respectively). 

Note that for any object X in V (respectively, C) the right (respec- 
tively, left) multiplication by X gives rise to a left (respectively, right) 
C-module (respectively, X>-module) endofunctor of M. denoted R{X) 
(respectively, L{X)). Thus, we have tensor functors 

(20) R:X^ R{X) : Func(Al, M) and 

(21) L:X^ L{X) : C Fun(Ai, M)v 

Proposition 4.2. Let Ai be a {C,T>) -bimodule category. The following 
conditions are equivalent 
(i) Ai is invertible, 
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(ii) There exists a V-bimodule equivalence A^"^ lEc 7W = V, 

(iii) There exists a C-himodule equivalence M. Kl© ^A.°^ = C, 

(iv) The functor (!20!) is an equivalence, 

(v) The functor (pT!) is an equivalence. 

Proof. By definition, (i) is equivalent to (ii) and (iii) combined. 

Recall that by Proposition [33] A^°p M = Ymic{M, M) as V- 
bimodule categories. We also have M = Funx)(A<°P, M"^) = 

Fun(A1, Ai)x> as C-bimodule categories. So (iv) implies (ii) and (v) 
implies (iii). 

Next, suppose that M. is invertible and let (p : V = Func(A^, A4) 
be a D-bimodule equivalence. Let F = 0(1). Then any functor in 
Func(A1, Ai) is isomorphic to F o R[X) for some X G P. This is only 
possible when R is an equivalence. Thus, (ii) implies (iv). The proof 
that (iii) implies (v) is completely similar. 

It remains to show that (iv) is equivalent to (v). If (1201) is an equiva- 
lence then V^'^'' is the dual of C with respect to 7V1 and the functor 
(PTj) identifies with the canonical tensor functor C (C^)^. By \E0\ 
Theorem 3.27] this functor is an equivalence. So (iv) implies (v). The 
opposite implication is completely similar. □ 

Remark 4.3. In view of Proposition 14.21 invertible (C, P)-bimodule 

categories can be thought of as Morita equivalences C ^ T>. 

Corollary 4.4. An invertible {C,V)-bimodule category is indecompos- 
able as both a left C-module category and a right V-module category. 

Definition 4.5. The Brauer-Picard groupoid of fusion categories BrPic 
is a 3-groupoid, whose objects are fusion categories, 1-morphisms from 
CtoT> are invertible (C, P)-bimodule categories, 2-morphisms are equiv- 
alences of such bimodule categories, and 3-morphisms are isomorphisms 
of such equivalences. 

In other words, BrPic is the subcategory of Bimodc obtained by 
extracting the invertible morphisms at all levels. 

The 3-groupoid BrPic can be truncated (by forgetting 3-morphisms 
and identifying isomorphic 2-morphisms) to a 2-groupoid BrPic, and 
further truncated (by forgetting 2-morphisms and identifying isomor- 
phic 1-morphisms) to a 1-groupoid (i.e., an ordinary groupoid) BrPic. 

In particular, for every fusion category C we have the following hier- 
archy of objects: 

• the categorical 2-group BrPic(C) of automorphisms of C in BrPic 
(which is obtained by extracting invertible objects and morphisms at 
all levels from Bimodc (C)); 
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• the categorical group BrPic(C) of automorphisms of C in BrPic ; 

• the group BrPic(C) of automorphisms of C in BrPic, which we will 
call the Brauer-Picard group of C. 

Remark 4.6. For any pair of isomorphic objects in BrPic(C) the set 
of morphisms between them is a torsor over the group Inv(^(C)) of 
invertible objects of Z{C). 

Remark 4.7. The 3-groupoid BrPic is a categorification of the 2- 
groupoid Pic, whose objects are rings, 1-morphisms from A to B are 
invertible {A, i?)-bimodules, and 2-morphisms are isomorphisms of such 
bimodules. In particular, the Brauer-Picard group BrPic(C) is a cate- 
gorical analog of the classical Picard group Pic (A) of a ring A. 

Remark 4.8. The terminology "Brauer-Picard group" is justified by 
the following observation. 

For a moment, let k be any field (not necessarily algebraically closed). 

Proposition 4.9. BrPic{VeC]^ is isomorphic to the classical Brauer 
group Br(k). 

Proof. First of all, note that bimodule categories over C = Veck is the 
same thing as module categories. 

Let i? be a finite dimensional simple algebra over k. Then A4{R) : = 
i?-mod is an indecomposable module category over C. It is easy to 
see that MatAr(i?)-mod is naturally equivalent to -R-mod as a module 
category, and that 

MiR) ^cMiS) =M{R(E)k S). 

Also, any indecomposable semisimple module category over C is of the 
form Ai{R) for a finite dimensional simple k-algebra R, determined 
uniquely up to a Morita equivalence. This implies that M{R) is invert- 
ible if and only if R is central simple, which implies the claim. □ 

Proposition 4.10. Let Ci, C2 be two fusion categories of relatively 
prime Frobenius- Perron dimensions. Then 

BrPic{Ci^C2) = BrPiciCi) x BrPic{C2). 

Proof. This follows from |EN01j . Proposition 8.55. □ 

4.2. Integral bimodule categories. Let C be an integral fusion cate- 
gory, i.e., a category such that the Frobenius- Perron dimension of any 
simple object of C is an integer. Recall that the Frobenius-Perron 
dimensions in module categories were defined in Section 12. 5[ It is clear 
that the Frobenius-Perron dimension of any object in a C-module cate- 
gory is a square root of an integer. 
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Definition 4.11. We will say that a C- module category Ai is integral 
if FPdim(M) e Z for every object M e M. 

Equivalently, M. is integral if for every simple object M e M. the 
number FPdim(Hom(M, M)) is the square of an integer. 

Now let A4 be an invertible C-bimodule category. To avoid possible 
confusion let us agree that we compute Frobenius-Perron dimensions 
in A4 by regarding it as a one-sided (left or right) C-module category. 
In particular, 

^ FPdim(M)2 = FPdim(C). 

MeO(M) 

Definition 4.12. We will say that an invertible C-bimodule category 
A4 is integral if it is integral as one-sided (left or right) module category. 

It is clear that here the choice of left or right C-module structure 
is not important since the Frobenius-Perron dimensions in Ai defined 
using these structures coincide. 

Proposition 4.13. Let C be an integral fusion category. If Ai, M are 
invertible integral C-bimodule categories then AXMq M is integral. 

Proof. It is easy to sec that according to our conventions the canonical 
C-bimodulc functor F : M^N ^ M^c-^f satisfies 

FPdim(F(M M N)) = FPdim(M)FPdim(A^) for ai\M,N eM. 

Since this functor F is surjective, we conclude that AiMcM is integral. 
Indeed, no integer can be equal to a sum of non-integer square roots. 

□ 

It is easy to show that equivalence classes of invertible integral C 
bimodule categories form a normal subgroup of BrPic(C), denoted by 
BrPic+(C), such that BrPic(C)/BrPic_|_(C) is an elementary abelian 2- 
group. It gives rise to a full categorical 2-subgroup BrPic^(C) of the 
categorical 2-group BrPic (C) . 

4.3. The categorical 2-group of outer auto equivalences a fusion 
category. Let C be a fusion category. Let us say that an invertible 
(C, C)-bimodule category Ai is quasi-trivial if it is equivalent to C as a 
left module category. It is easy to see that if AA. is quasi-trivial, then 
there exists a tensor autoequivalence (p : C ^ C, such that A4 = C with 
the left action of C by left multiplication, and the right action of C by 
right multiplication twisted by 4>. Moreover, (p is uniquely determined 
up to composing with conjugation by an invertible object of C In other 
words, it is uniquely determined as an outer autoequivalence. 
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Now define the categorical 2-group Out(C) to be the 2-subgroup of 
BrPic(C) which includes only the quasi-trivial invertible bimodule cate- 
gories (and all the corresponding equivalences and isomorphisms). This 
2-group can be truncated to a 1-group Out(C) and further to the usual 
group Out(C), of isomorphism classes of outer tensor autoequivalences 
of C (i.e. autoequivalences modulo conjugations by invertible objects). 

4.4. The Picard 2-groupoid of a braided fusion category. Let 

;B be a braided fusion category. The monoidal 2-category Modc(i3) 
contains a categorical 2-group Pic(i3), obtained by extracting invert- 
ible objects and morphisms at all levels, which we will call the Picard 
2-group of B. This categorical 2-group is a categorical analog of the 
categorical 1-group of invertible modules over a commutative ring A 
(or, more generally, of the Picard 1-group, or groupoid, of a scheme). 
By truncating it one obtains a categorical 1-group Pic (B), and an or- 
dinary group Pic(i3), called the Picard group of the braided category 
B. 

Remark 4.14. If S is a braided fusion category then BrPic(i3) contains 
Pic (B) as a full categorical 2-subgroup (of bimodule categories in which 
the left and right action are related via the braiding). 

4.5. The 2-groupoid of equivalences. Following |Ga] . we define the 
2-groupoid Eq, whose objects are fusion categories, 1-morphisms are 
tensor equivalences, and 2-morphisms are isomorphisms of such equiv- 
alences. It can be truncated to an ordinary groupoid Eq. So for every 
fusion category C, we obtain the groupoid Eq(C) of tensor autoequiva- 
lences of C, and the corresponding group Eq(C) of isomorphism classes 
of tensor autoequivalences of C. 

4.6. The 2-groupoid of braided equivalences. Here is the braided 
version of the construction of the previous subsection. We define 
the 2-groupoid EqBr, whose objects are braided fusion categories, 1- 
morphisms are braided equivalences, and 2-morphisms are isomorphisms 
of such equivalences. It can be truncated to an ordinary groupoid EqBr. 
So for every braided fusion category B, we obtain the groupoid EqBr(i3) 
of braided autoequivalences of B, and the corresponding group EqBr(;B) 
of isomorphism classes of braided autoequivalences of B. 

4.7. The finiteness theorem. 

Theorem 4.15. The groups BrPic{C), Out(C), Eq(C), EqBr{B), Pic(S) 
are finite. 
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Proof. This follows from the finiteness results from [ENOl] (Theorem 
2.31, Corollary 2.35). □ 

5. Proof of Theorem 11.11 

It is sufficient to prove for every fusion category C, the functor Z : 
BrPic(C) —>■ EqBr(2(C)) is an equivalence. 

5.1. A monoidal functor $ : BrPic(C) BqBr {Z{C)). Let M be 

an indecomposable right C-module category. Let CJ^ denote the dual 
of C with respect to A^, i.e., the category of right C-module endofuc- 
nctors of A4. By |01] is a fusion category. We can regard JH as 
a CXi Kl C'^^-module category. Its Kl C'^^-module endofunctors can 
be identified, on the one hand, with functors of left multiplication by 
objects of ^(Cj^), and on the other hand, with functors of right mul- 
tiplication by objects of Z{C). Combined, these identifications yield a 
canonical equivalence of braided categories 

(22) Z{C) ^ ZiCX,). 

This result is due to Schauenburg, see [Sj. 

Now suppose that is an invertible C-bimodule category. Let us 
view it as a right C-module category. By Proposition 14.21 and Re- 
mark 14.31 we have an equivalence of tensor categories 

(23) C*M=C 

obtained by identifying right C-module endofunctors of Ai with the 
functors of left multiplication by objects of C. 
Thus, we have a braided tensor equivalence 

(24) ^M):Z{C)^Z{CX,)^Z{C), 

where the first equivalence is (|22|) and the second one is induced from 

Clearly, a C-bimodule equivalence between A4, Af E BrPic(C) gives 
rise to an isomorphism of tensor functors $(A^) and $(A/'). 

To see that the functor ([23]) is monoidal, observe that the C-bimodule 
functor of right multiplication by an object Z G Z{C) on Klc A/" is 
isomorphic to the well-defined functor of "middle" multiplication by 
($(A/")) (Z), which, in turn, is isomorphic to the functor of left multi- 
plication by (^(Ai) o <I>(A/')) (Z). This gives a natural isomorphism of 
tensor functors <I>(A1) o<|)(A/') = $(A1 KIcA/"), i.e., a monoidal structure 
on $. 
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5.2. A functor * : EqBr (Z(C)) -> BrPic (C). Let a be a braided 
tensor autoequivalence of 2{C). Below we recall a construction of an 
invertible C-bimodule category from a given in |EN03] . 

Let F : Z{C) —>■ C and / : C — > Z(C) denote the forgetful functor 
and its adjoint. Given an algebra A in C let A — mode and A — bimodc 
denote, respectively, the categories of left A-modules and A-bimodules 
in C. 

The object /(I) is a commutative algebra in Z{C) and so is 

(25) L:=a'\l{l)). 
Furthermore, there is a tensor equivalence 

(26) C ^ L~modz(c) ■■ X ^ I{X). 

Note that L is indecomposable in Z{C) but might be decomposable 
as an algebra in C, i.e., 

L = Li, 

where L^, i ^ J, are indecomposable algebras in C such that the mul- 
tiplication of L is zero on Li ® Lj, i ^ j . Here and below we abuse 
notation and write L for an object of Z{C) and its forgetful image in 
C. 

For any i G J let 

(27) ^i(a) :=Li-modc. 

Clearly, it is a right C-module category. We would like to show that 
'^i{a) is, in fact, an invertible C-bimodule category. 

Consider the following commutative diagram of tensor functors: 



(2J 



Z{C) ^-^^^ Z(L, - bimodc) 



L — m.odz(c) — ^ Lj — bimodc C L — bimodc — — ^ Li — bimodc. 

Here Fi : Z{Li — bimodc) ^ Li — bimodc is the forgetful functor and 
TTj is a projection from L — bimodc = ©jj {Li — Lj) — bimodc to its {i, i) 
component. We have Tii{L®X) = Li®X for all X & C. The top arrow 
is an equivalence and the forgetful functor Z{Li — bimodc) Li ~ 
bimodc (the right down arrow) is surjective. Hence, the composition 
Gi := TTjF of the functors in the bottom row is surjective. But Gi is 
a tensor functor between fusion categories of equal Frobenius-Perron 
dimension and hence it is an equivalence by |EOl Proposition 2.20]. 
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In view of ( l26l) this gives a tensor equivalence between C and C^.(a)- 
Hence, is a C-bimodule category. It is easy to see that the above 

functor Gi identifies with (12T!) when Ai = therefore is 

invertible by Proposition 14.21 

We claim that definition (1271) does not depend on a choice of z G J. 

Lemma 5.1. For a// j G J t/iere zs an equivalence of C-bimodule 
categories "^i^a) and "^ji^a). 

Proof. Let us consider the category V := L~ mode. It is a multifusion 
category in the sense of |EN01l Section 2.4], i.e., it has a decomposition 

ijeJ 

such that T>ii is a fusion category and T>ij is a (Pjj, T'jj)-bimodule cat- 
egory for all i,j G J. Furthermore for X G T>ij and F G T>ki we have 

X O F G I^ii if j = and X (g) r = if jV^- 

It follows from the result of Schauenburg [S], Corollary 4.5] that 
Z(V) = Vec as a tensor category. Therefore, Vij = Vec for all i,j G J, 
i.e., simple objects of T> can be labeled E'jj in such a way that the tensor 
product ®L satisfies the usual matrix multiplication rules: 

Eij Eki = SjkEii, i, j, k,l E J. 

It follows that Li = Eii and Li — mode is spanned by i^jfc, k E J . Thus, 
the functor 

X y-^ Eji ®L X : Li — mode Lj — mode, hj^J 
is an equivalence of C-bimodule categories. □ 

Let us choose a C-bimodule category G BrPic(C) in the equiv- 
alence class of C-bimodule categories i G J. 

Let / : a ^ a' be an isomorphism in EqBr(.E(C)). It gives rise 
to an equivalence of the corresponding algebras L, L' in Z{C) and, 
consequently, to a C-bimodule equivalence : ^E'i(a) — ^ \E'j(a'). By 

Lemma [5. II we obtain a C-bimodule equivalence : '^{a) — > 

Thus, we have a functor 

(29) ^ : EqBr (Z(C)) ^ BrPic(C). 

It remains to check that \1/ is an inverse of the monoidal functor $ 
introduced in Section 15.11 
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5.3. Equivalences $ o = IdEqBr(2(c)) and ^ o ^ = IdBrPic(c)- First 
we prove an equivalence $ o = IdEqBr(2{c))- Given a E EqBr(Z(C)) 
let Ai = \E'(q;) = Li — mode, where the algebra Li is defined as in 
Section [5l2l From (!24l) we see that ^{Ai) is defined by 

^M) : Z{C) ^r^I^ Z{L, - bimodc) ^ Z{C), 

where the second equivalence l is induced from the inverse of the equiv- 
alence in the bottom row of fl28p . Since C = /(I) — mod2(c) we have 

r^{Z) = n,Fa'^I{Z) = TTiFa'\l{l) ®Z)=Li® a-\Z) 

for all Z e Z{C). Therefore, $ o ^(a) ^ a. 

Next, we prove that ^' o $ ^ Id BrPic fO- Take M E BrPic(C). Let 
A G C be an algebra such that Ai = A — mode as a right C-module 
category. Since Ai is invertible, we have an equivalence C = A— bimodc 
by Proposition 14.21 

Construct a braided autoequivalence a := ^{Ai) E EqBr(Z(C)) as 
in fl2^ . Upon the identification Z{C) = Z{A — bimodc) we have 

a{Z) = A®Z, ZeZ{C), 

where A®Z has an obvious structure of a central object in the category 
of ^-bimodules. So the algebra L in Z{C) defined by fl25l) is identified 
with the algebra A ® /(I) in Z(^A — bimodc). Hence, the category of 
L — mode is identified with the category AA oi A — /(l)-bimodules in 
C (recall that /(I) is a commutative algebra in Z{Cy). Indecomposable 
components of AA are equivalent to A — mode and so they are identified 
with AA as C-bimodule categories, i.e., ^ o $(7V1) = TW, as required. 

It is easy to check that $ and are bijective on morphisms (cf. 
Remark 14. 6p . 

This completes the proof of Theorem 11.11 

5.4. Generalization. Let i3 be a non-degenerate braided fusion cate- 
gory (see pGNOl Definition 2.28]). By [DGNOl Proposition 3.7] this 
means that the braiding on B induces an equivalence B^B^'^^ ^ ^(-S)- 
Now let AA be an invertible module category over B (see Section 14.41) 
and let B)^ = Fma^iAA, AA). Combining the equivalence above with 
f l22|) we get an equivalence B Kl B^'^'' ~ Z(i3^). The compositions 

(30) a+:B = B^lcB^B'^^c:^Z{B%^)^B*j^ 
and 

(31) a_:B = im B'""" C i3 K B'""" ^ Z{B*j^) B)^ 
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are called alpha-induction functors, see e.g. jOlj . Proposition 14.21 says 
that invertibility of is equivalent to a+ and a_ being tensor equiv- 
alences. Thus 

= «_ o 

where 9m : i3 — i3 is an autoequivalence. One verifies directly that 
6m is actually a braided autoequivalence of B. Furthermore, the same 
argument as the one in the end of Section 15.11 shows that 6m naturally 
extends to a functor Pic (B) EqBr(;B). 

Conversely, let 7 G EqBr(S). Then id K 7 G EqBr(i3 M = 
EqBT{Z{B)). Thus Theorem 1 1 . 1 1 assi gns to 7 an invertible i3— bimodule 
category Ai^. It follows immediately from definitions that right and 
left actions of B on are related by the braiding, so TVI^ is an 
invertible module category over B. It is clear that this assignment 
7 I— Ai-y extends naturally to a functor EqBr(;B) — > Pic(-B). A careful 
examination of the constructions involved shows the following result: 

Theorem 5.2. For a non-degenerate braided fusion category B the 
functors above are mutually inverse equivalences of Pic (B) andEqBr(i3). 

Details of the proof of Theorem 15.21 will be given in a subsequent 
article. 

Remark 5.3. (i) We notice that the construction of 6m above 
makes sense for arbitrary braided fusion category B, see [01] . 
Thus, we have a monoidal functor 

(32) e : Pic(i3) ^ EqBr (ig) : M ^ 6m- 

However it is clear that (|32l) does not produce an equivalence 
as in Theorem 15.21 For example it is clear that for a symmetric 
braided fusion category a+ = a_ for any Ai, so 6m = idg for 
any Ai in this case, 
(ii) For a fusion category C the braided category Z{C) is non- 
degenerate, see |DGNO| Corollary 3.9]. Thus combining Theo- 
rem ll.ll and Proposition l3.11l we get an equivalence Pic (Z(C)) ~ 
EqBr(2(C)) in this case. One verifies that this equivalence and 
equivalence from Theorem 15.21 are canonically identified. 

Remark 5.4. Given a braided category B we have a monoidal functor 
e : Pic(-B) EqBr (g) given by (I32l). Recall that in Section O we 
constructed a monoidal equivalence $ : BrPic(C) — ^ EqBr(2(C)) for 
any fusion category C. The following conceptual explanation of these 
functors were suggested to us by V. Drinfeld. 

Namely, let ^ be a monoidal 2-category (see |K V] ) . Then the 
monoidal category End(l^) of endofunctors of the unit object of A 
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has a canonical structure of a braided category (this is a higher cate- 
gorical version of the well known fact that endomorphisms of the unit 
object in a monoidal category form a commutative monoid). The cat- 
egorical group of invertible objects of A acts on End(l^) by tensor 
conjugation. Hence, we have a monoidal functor 

(33) A"" EqBr(End(l^)). 

For A = Bimodc(C), the monoidal 2-category of C-bimodule cate- 
gories over a fusion category C, one has End(l^) = Z{C) and the above 
functor ([3SD is precisely the functor $ : BrPic(C) EqBr(Z(C)) from 
Section [5.11 For A = Modc(;B), the monoidal 2-category of module 
categories over a braided fusion category B, it gives the functor ( l32l) . 

5.5. The truncation of the categorical 2-group of outer au- 
toequivalences of a fusion category. For any fusion category C, 
we have a natural homomorphism of categorical groups ^ : Eq(C) — >■ 
Out(C), attaching to every tensor autoequivalence its class of outer 
autoequi valences. 

Proposition 5.5. // C has no nontrivial invertible objects, then ^ is 
an isomorphism ofEq{C) onto the truncation Out (C). 

Proof. Let A4 he a. quasi-trivial invertible bimodule category over C. 
Then there exists a unique, up to an isomorphism, equivalence of left 
module categories C ^ A^, so we may assume that = C as a left 
module category. Then the right action of C is given by some uniquely 
determined autoequivalence (p. Then we can define = (p. □ 

6. Invertibility of components of graded fusion 

categories 

Let G be a finite group and let 

be a graded fusion category, cf. Section 12.31 The trivial component Ce 
is a tensor subcategory of C, and each Cg is a Cg-bimodule category. 
It follows that for all g,h G G the tensor product of C restricts to a 
Cg-balanced bifunctor 

(34) ^-.CgXCh^ Cgh, 

which gives rise to a functor 

(35) Mg^h : Cg He, Ch ^ Cgh. 
Theorem 6.1. Let C = (Bg^cCg be a G-extension. Then: 
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(i) each Cg, g ^ G, is an invertible Ce-bimodule category; 

(ii) the functor Mg^^ '■ Cg Kl^^ Ch — > Cgh, g,h E G, is an equivalence 
of Ce-bimodule categories. 

Proof. For each g E G let us pick a non-zero object Yg in Cg. Then 
Ag = Yg ® Yg is an algebra in Ce (and, therefore, in C). By |EOl 101] 
the regular left C-module category C is equivalent to the category of 
right y4g-modules in C, and the left Cg-module category Cg is equivalent 
to the category of right Ag-modules in Cg- Furthermore, there are 
tensor equivalences 

Fg-.C^ A<;-bimodules in C : X Yg X ®Yg* , g E G. 

Let Rg, g E G denote the restriction of Fg to C^- It establishes a tensor 
equivalence 

Rg : Ce ^ Ag-bimodules in Ce = Fuiac^{Cg, Cg). 

It is straightforward to see that Rg coincides with functor defined in 
(I2U]) . Passing from right to left A^-modules, one similarly obtains an 
equivalence Lg : Cl^^ ^ Fun(Cg, Cg)c^. By Proposition 14.21 Cg is an 
invertible Cg-bimodule category. This proves (i). 

To prove (ii), note that tensor equivalences Fg, g E G, make the 
category of {Ag, A/i)-bimodules in C into a C-bimodule category, with 
the left (respectively, right) action of an object X in C by multipli- 
cation by Fg{X) (respectively, by Fh{X)). Thus we have C-bimodule 
equivalences 

Fg^h ■.C = {Ag- /l/,)-bimodules in C : X Yg ® X ®Y^ , g,hEG. 

Therefore, the restriction of Fg-i^h to Cgh establishes a Cg-bimodule 
equivalence between Cgh and the category of {Ag-i , Ah)-him.odules in 
Ce. The latter category is equivalent to Func<.(Cg-i, Ch) = Cg Ch- 
Thus, we have constructed a Cg-bimodule equivalence 

Cg Ch ^ Cgh, g,hEG. 

It is easy to see that it coincides with the functor fl35|) induced by the 
Ce-balanced bifunctor (S) '■ Cg x Ch —>■ Cgh- Indeed, both functors are 
identified with 

Cgh ^ Func,(C^-i, Ch):X^7®X, 
so the proof is complete. □ 

Corollary 6.2. The dual category of Ce Kl Q*^" with respect to each 
Ce-bimodule category Cg, g E G is equivalent to the center Z{Ce) of Ce: 

(36) {CeMCni=Z{Ce). 
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Proof. This follows by [EOl Theorem 3.34] since (Ce)J^ = C,'"^ by The- 
orem I6.1[ □ 

Thus, a G-extension C defines a group homomorphism 

c: G'^BrPic(Ce). 

The tensor product and associator of C give rise to an additional data 
which we will investigate next. 



7. Classification of extensions (topological version) 

7.1. The classifying space of a categorical n-group. It is well 
known that any categorical n-group Q gives rise to a (connected) clas- 
sifying space BQ (well defined up to homotopy), which determines the 
equivalence class of Q uniquely (so that BQ carries the same infor- 
mation as ^). Moreover, the homotopy groups of BQ are as follows: 
7ri{BQ) = Morj+i(Xj, Xj) for any z-morphism Xi for i = l,...,n + 1, 
and zero ii i > n + 2. 

A convenient model for the space BQ is the simplicial complex given 
by the well known "nerve" construction. For the convenience of the 
readers, we recall this construction in the case of n = 2 (which is the 
highest value of n we will need). For brevity we omit associativity 
isomorphisms. 

Step 0. We start with one 0-simplex. 

Step 1. For every isomorphism class x of objects of Q, we pick an 
object representing x (which we also call x, abusing the notation) and 
add a 1-simplex Sx- 

Step 2. For every isomorphism classes of objects Xi,X2 and an 
isomorphism class of 1-morphisms / : Xi (S> X2 ^ X1X2, where X1X2 is 
the representative of Xi ® X2 chosen in the previous step, we pick a 1- 
morphism representing / (which we also call /, abusing the notation), 
and add a 2-simplex Sf, such that dsj = Sx-^ + Sx2 ~ Sx^x2- 

Step 3. For each isomorphism classes of objects a;i,X2,a;3, isomor- 
phism classes of 1-morphisms /i,2 : Xi ® X2 X1X2, /2,3 : X2 <S) X3 ^ 
X2X3, /i2,3 : X1X2 ® X3 X1X2X3, /i2,3 : xi (g) X2X3 X1X2X3, where 
X1X2, X1X2X3, etc., are representatives of tensor products chosen in step 
1, and a 2-morphism 

9 ■ /l2,3 O (/l,2 ® ids) /l,23 O (idl ® /2,3) 

we add a 3-simplex Sg such that dsg = 2 ~ ^haa + '^/i2,3 ~ ■5/2,3- 

Step 4. Given isomorphism classes of objects xi, X2, xs, X4, isomor- 
phism classes of 1-morphisms /i,2 : Xi ® X2 ^ X1X2, /2,3 : X2 ® X3 — 
X2X3, /3,4 : X3 O X4 ^ X3X4, /i2,3 : X1X2 ® X3 -> X1X2X3, /i,23 : Xi (g) 
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X2X3 — > X1X2X3, /23,4 : X2X3 X4 ^ X2X3X4, /2,34 : X2 (S) X3X4 X2X3X4, 
/l,234 : Xi (g) X2a;3X4 X1X2X3X4, /i23,4 : X1X2X3 (g) X4 ^ X1X2X3X4, 

f 12,34: '■ X1X2 ® X3X4 — ^ XiX2a;3X4, and 2-morphisms 

5^1,2,3 : /l2,3 O (/l,2 ® id3) ^ /l,23 o (idi (g) /2,3), 
5'2,3,4 : /23,4 O (/2,3 ® id4) ^ /2,34 O (id2 O /3,4)) 
5'1,23,4 : /l23,4 O (/l,23 ® id4) /l,234 O (idi (g /23,4), 
5^12,3,4 : /l23,4 O (/l2,3 ® id4) ^ /l2,34 ° (idl2 » /3,4), 
5^1,2,34 : /l2,34 O (/l,2 ® id34) ^ /l,234 O (idl (g /2,34), 

such that 

(ll ® fi'2,3,4) O 5'1,23,4 O (5fi,2,3 ® I4) = fi'1,2,34 ° 5'12,3,4, 

we add a single 4-simplex s whose boundary is 

ds ^gi,2,'i "^91,2,34 ~l~ "^91,23,4 "^312,3,4 ~^ '^92,3,4 • 

Step k, k > 5. Any boundary of a /c-simplex, k > 5, is filled in with 
a fc-simplex. 

Note that the obtained model is a Kan complex. 

7.2. Homotopy groups of classifying spaces of higher groupoids 
attached to fusion categories. 

Proposition 7.1. Let C be a fusion category and let BrPic (C) be its 
Brauer-Picard 2-group introduced in Section We have: 

(i) TTiiBMlEldC)) = BrPic{C); 

(ii) TTyj B BrPic (C)) = Inv(2(C)), the group of isomorphism classes 
of invertible objects in the Drinfeld center of C; 

(iii) -K^iB BrPic jC)) = k^■ 

(iv) TTiiB BrPzc jC)) = for all i > 4. 

Proof, (i) is clear. To prove (ii), we need to calculate the group of 
equivalence classes of automorphisms of any object. Take the object 
C regarded C-bimodule. Its endomorphisms C-bimodule is 
the dual category to C with respect to C Kl C'^^, so it is Z{C) [E0\ 
Corollary 3.37.]. Thus the automorphisms are the invertible objects in 
Z{C). To prove (iii), we need to compute the group of automorphisms 
of any 1-morphism. Take this 1-morphism to be the neutral object in 
2{C). Then the group of automorphisms is k^. (iv) is clear, since by 
construction we have killed all the homotopy groups of degree > 4. □ 

Proposition 7.2. Let C be a fusion category, and let Out(C) its cate- 
gorical 2-group of outer autoequivalences introduced in Section \4^ We 
have 
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(i) 7rifE0ut(C)) = Out(C), 

(ii) njBOut{C)) = Inv(Z(C)), 

(iii) 7rjB0nt{C)) = k^ 

(iv) TniBFicjC)) = for i > A. 

Proposition 7.3. Let B be a braided fusion category, and let Pic (B) 



its Picard 2-group introduced in Section 4-4 have 

(i) 7ri(5£ig(S)) = Pic(i3), 

(ii) 7r2(-BPic(i3)) = Inv(i3), the group of isomorphism classes of 
invertible objects ofB, 

(iii) 7r3(5£i£(S)) = k\ 

(iv) 'Ki(BVic{B)) =0 fori>4:. 

Proposition 7.4. Let C be a fusion category, and let Eq(C) be the 
categorical group of autoequivalences of C introduced in Section \4.5\ 
We have 

(i) 7ri(i?Eq(C))=Eq(C), 

(ii) 7r2(-BEq(C)) = Aut,g,(Idc), the group of tensor isomorphisms of 
the identity functor ofC, 

(iii) 7ri(5Eq(C)) = fori>3. 

Proposition 7.5. Let B be a braided fusion category, and let EqBr(;B) 
be the categorical group of braided autoequivalences of B introduced in 
Section We have 

(i) 7ri(E EqBr (g)) = EqBr(i3), 

(ii) 7r2(5EqBr(i3)) = Aut^(IdB), 

(iii) 7ri(5EqBr(i3)) =0 fori>3. 

The proofs of Propositions 17.21 [7.3 1 17.41 and 17.51 are analogous to that 
of Proposition I7.1[ 

7.3. The Whitehead half-square and the braiding. Recall that 
for any i,j > 1 we have the Whitehead bracket [, ] : tTj x ttj — > 7rj+j_i 
on homotopy groups of any topological space. Also, since there is a 
map 5*^ S"^ of Hopf invariant 1, we have the Whitehead half-square 
map W : 712 ^ such that W{x + y) — W{x) — W{y) = [x, y]. 
The following proposition was pointed out to us by V. Drinfeld. 

Proposition 7.6. Let B be a braided fusion category. For the space 
B Pic (B), the Whitehead half-square map W : 112 ^ 7^3 is given by the 
braiding czz on invertible objects Z E B. Therefore, the Whitehead 
bracket [ , ] : 7r2 x 7r2 ^ tts coincides with the squared braiding czyCyz 
on invertible objects Y, Z E B. 
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Proof. For any pointed space X, the fundamental groupoid of the dou- 
ble loop space fl'^{X) is a braided monoidal category (see [Q} Subsection 
2.3]). Note that 7r2(X) = no{Q'^{X)) and 7r3(X) = 7ri{Q'^{X)). So, the 
map Z 1-^ Czzj where c denotes the braiding of the above category, 
defines a map tt2{X) 7r3(X). We claim that this map is the White- 
head half-square map. To prove this, it suffices to treat the universal 
example X = S"^. That is, one needs to show that for X = S"^, the map 
in question is the map Z = 7^2(3'^) ^ = '^siS'^) given by n n^. 
This is done by a straightforward verification. □ 

In particular, taking B = Z{C\ we find that the Whitehead half- 
square map and the Whitehead bracket for i?BrPic(C) are given by the 
braiding on invertible objects of Z{C). 

Remark. Proposition 17.61 can also be derived from [B] , Chapter IV. 

7.4. Classification of extensions. Now we would like to classify G- 
extensions C of a given fusion category T>. As we have seen in The- 
orem 16.11 such a category necessarily defines a group homomorphism 
c : G — > BrPic(P). We would like to study additional data and condi- 
tions on them that define a category C given a homomorphism c. 

Theorem 7.7. Equivalence classes of G -extensions C of V are in bi- 
jection with morphisms of categorical 2-groups G BrPic (V) , or, 
equivalently, with homotopy classes of maps between their classifying 
spaces: BG B BrPic (T>) . 

Proof. Let us consider what it takes to define a continuous map ^ : 
BG i?BrPic(P), using the simplicial model of BrPic(T') described 
above. Note that since our model of B BrPic iV) is a Kan complex, any 
map ^ is homotopic to a simplicial map, so it suffices to restrict our 
attention to simplicial maps (which we will do from now on). 

Step 1. Defining the map ^ at the level of 1-skeletons (up to ho- 
motopy) obviously amounts to a choice of a set-theoretical map of 
fundamental groups c : G BrPic(T'). On the categorical side, this 
is just a choice of an assignment g i-^ c{g) = Cg, g E G, where Cg is 
an invertible bimodule category over T>. They can be combined into a 
single "D-bimodule category C = ®gCg. 

Step 2. Extendability of this to the level of 2-skeletons amounts 
to the condition that c is a group homomorphism. On the categorical 
side, this means that one has equivalences Cg Kl© Ch = Cgh^ and in 
particular Cg = T). 

Next, any choice of an extension of ^ to the level of 2-skeletons 
amounts to picking the equivalences Mg^h '■ Cg Ch Cgh, which 
defines a functor ® of tensor multiplication on C. 
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Step 3. Further, extendability of such a ^ to the level of 3-skeletons 
amounts, on the categorical side, to the condition that there exists a 
functorial isomorphism 

a : (• ® •) ® • ^ • ® (• ® •) 

(respecting the P-bimodule structure, but not necessarily satisfying 
the pentagon relation), and once a good M (for which a exists) has 
been fixed, the freedom of choosing an extension of ^ to the level of 
3-skeletons is a choice of a. 

Step 4. Finally, once ^ has been extended to 3-skeletons, its ex- 
tendability to the level of 4-skeletons amounts to the condition that a 
satisfies the pentagon relation. Once such an a has been fixed, there 
is a unique extension of ^ to the level of 4-skeletons. 

Step 5. Once ^ has been extended to a map of 4-skeletons, it canon- 
ically extends to a map of skeletons of all dimensions. 

The theorem is proved. □ 

7.5. Proof of Theorem 11.31 Theorem 11.31 follows from Theorem 17.71 
and classical obstruction theory in algebraic topology. Let us describe 
this derivation in more detail. For brevity we denote the homotopy 
groups -B BrPic fP) just by vTj, without specifying the space. 

Let us go back to the proof of Theorem 17. 7[ At Step 3, it may be 
necessary to modify M = (Mg^h) to secure the existence of a. But even 
if we allow modifications of M, there is an obstruction 03(c) to the 
existence of a. Let us discuss the nature of this obstruction. 

If we have a map ^ of 2-skeletons, then the condition for this map 
to be extendable to 3-skeletons is that for every 3-simplex a C BG, 
^{da) represents the trivial element in the group 7T2. Thus we get an 
obstruction which is a 3-cochain of G with values in tt2. It is easy to 
see that this 3-cochain is actually a cocycle (where G acts on 712 via 
the homomorphism c), i.e. we get an obstruction ip G Z^{G, tt2). Now, 
M can be modified by adding a 2-cochain x on G with coefficients 
in 7r2, and this modification replaces ip with ip + dx- This implies 
that the actual obstruction to extending C, to 3-skeletons (allowing the 
modifications of M) is the cohomology class [ip] = 03(c) G H^{G,n2)- 

If the obstruction 03(c) vanishes, then, as we see from the above, 
the freedom of choosing M so that ^ is extendable to 3-skeletons is 
in H'^{G, 712). That is, we can modify M by adding a cocycle x ^ 
Z'^{G,7T2), but if X is a coboundary, then the homotopy class of the 
extension does not change. 

Further, at Step 4, there is an obstruction 04(c, M) to choosing a. 
Let us discuss its nature. 
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If we have a map ^ of 3-skeletons, then the condition for this map 
to be extendable to 4-skeletons is that for every 4-simplex a C -BG, 
C{da) represents the trivial element in the group n^. Thus we get an 
obstruction which is a 4-cochain of G with values in tt^. It is easy to 
see that this 4-cochain is actually a cocycle, i.e. we get an obstruc- 
tion T] G TTs). Now, a can be modified by adding a 3-cochain 
^ on G with coefficients in tts, and this modification replaces r] with 
T] + dO. This implies that the actual obstruction to extending ^ to 
4-skeletons (allowing the modifications of a) is the cohomology class 
[ri\ = 0,{c,M)eH\G,T:^). 

If the obstruction 04(0, M) vanishes, then, as we see from the above, 
the freedom of choosing a so that is extendable to 4-skeletons is in 
H^{G, TTs). That is, we can modify a by adding a cocycle 6 G Z^{G, tts), 
but if 6' is a coboundary, then the homotopy class of the extension does 
not change. 

This proves Theorem II. 3 [ 

7.6. Classification of group actions on fusion categories. 

Proposition 7.8. (i) Actions of a group G by autoequivalences of a 
fusion category C, up to an isomorphism, are in natural bijection with 
homotopy classes of mappings BG -BEq(C). 

(ii) Actions of a group G by braided autoequivalences of a braided 
fusion category B, up to an isomorphism, are in natural bijection with 
homotopy classes of mappings BG —>■ BEqBr{B) . 

Proof, (i) We argue as in the previous subsection. Namely, a map 
between 2-skeletons of the spaces in question is the same thing as an 
assignment g ^ Fg, which attaches to every g & G a. tensor equivalence 
Fg : C ^ C , and a collection of functorial isomorphisms r]g^h '■ FgoFh ^ 
Fghi g,h & G. This map is extendable to 3-skeletons if and only if 
rjg h satisfies the 2-cocycle condition, i.e. if the data {Fg,rig h) is an 
action of G on C by tensor autoequivalences. Note that the extension 
to 3-skeletons is unique if exists, and extends uniquely to skeletons of 
higher dimensions. So (i) is proved. 

(ii) is proved similarly. □ 

Corollary 7.9. (i) ( \Gai Theorem 5.5]) Actions of a group G by tensor 
autoequivalences of a fusion category C, up to an isomorphism, are 
parametrized by pairs {c,ri), where c : G Eci('B) is a homomorphism, 
such that the corresponding first obstruction 03(c) G if^(G, Autg,(Idc)) 
vanishes, and rj = (rjg^h) is the equivalence class of the identification 
Fg o Ffi ^ Fgh, belonging to a torsor over H'^{G, Aut^(ldc)) . 
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(ii) Actions of a group G by braided autoequivalences of a braided 
fusion category B, up to an isomorphism, are parametrized by pairs 
{c,r]), where c: G ^ EqBr{B) is a homomorphism, such that the cor- 
responding first obstruction 03(c) G H^{G, Axitc^ildQ)) vanishes, and 
V = {Vg,h) is the equivalence class of the identification Fg o ^ Fg^, 
belonging to a torsor over H'^{G, AvX ^{1^0)). 

7.7. Classification of quasi-trivial extensions. Let G be a finite 
group, and V a fusion category. We call a G-extension C oi T> quasi- 
trivial if every category Cg is a quasi-trivial bimodule category over 
T). This condition is equivalent to the condition that C is strongly G- 
graded in the sense of jGaj . i.e., every category Cg contains an invertible 
object. 

The following proposition is a corollary of Theorem 17.71 

Proposition 7.10. Quasi-trivial G -extensions ofD, up to graded equiv- 
alence, are in natural bijection with homotopy classes of mappings 
BG BOutjV). 

Remark 7.11. Note that a mapping r : BG B Out (V) is repre- 
sentable as r = 5^ o where ^ : Eq('D) Out(P) is defined in 
Subsection 15.51 and ( : BG Eq(^^) if and only if the correspond- 
ing quasi-trivial extension is trivial, i.e. C is the semidirect product 
category Vec^ x T> for the G-action on V corresponding to (. 

7.8. Classification of faithfully graded braided G-crossed fu- 
sion categories. Let G be a finite group. The notion of a braided 
G-crossed fusion category is due to Turaev, see [Tul\ ITu2j . By defini- 
tion, it is a G-graded category 

(37) C = C„ 

equipped with an action of G such that g{Ch) = Cghg-^ and a natural 
family of isomorphisms 

(38) cxx -X^Y ^ giY) ® X, g e G, X e Cg, Y e C, 

called the G -braiding. The above action and G-braiding are required 
to satisfy certain natural compatibility conditions. In particular, the 
trivial component B := Ce is a braided fusion category. We refer the 
reader to |Tult ITu2] for the precise definition and to [DGNOt §4.4.3] 
for a detailed discussion of braided G-crossed categories. 

Below we only consider braided G-crossed fusion categories with a 
faithful grading (1371) . The general case will be treated elsewhere. 
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Theorem 7.12. LetB be a braided fusion category. Equivalence classes 
of braided G-crossed categories C having a faithful G-grading with the 
trivial component B are in bijection with morphisms of categorical 2- 
groups G — > Pic (B), or, equivalently, with homotopy classes of maps 
between their classifying spaces BG — > B Vic jB) . 

Proof. Since Vic (B) C BrPic(i3), it follows from Theorem 17.71 that a 
morphism G Pic (B) determines a G-extension C of B. It remains to 
check that the additional condition that each Cg, g & G, is an invertible 
i3-module category is equivalent to the existence of an action of G and 
a G-br aiding on C. 

Indeed, if the image of G is inside Pic (B) then for all g,h & G the 
category FuiiQ^Cg, Cgh) of i3-module functors from Cg to Cgh is identified, 
on one hand, with functors of right tensor multiplication by objects of 
Ch and, on the other hand, with functors of left tensor multiplication 
by objects of Cg^g-i. So there is an equivalence g : Ch ^ghg-^ defined 
by the isomorphism of i3-module functors 

(39) 7 (^Y = g{Y)(^7:Cg^Cgh, Y e Ch- 

Extending it to C by linearity we obtain an action of G by tensor 
autoequivalences of C. Furthermore, evaluating (l39l) on X E Cg we 
obtain a natural family of isomorphisms 

X®Y ^ g{Y) ® X, g eG, X eCg,Y eC, 

which gives a G-braiding on C. 

To prove the converse, one can follow the proof of Theorem 16.11 to 
verify that components of a braided G-crossed category are invertible 
module categories over its trivial component. □ 

Remark 7.13. The somewhat similar problem of classifying G-extensions 
of braided 2-groups is discussed in by E. Jenkins in [Je] (the notion of 
a G-extension of a braided 2-group is defined in [DGNOj , Appendix E, 
Definition E.8). 

8. Classification of extensions (algebraic version) 

Now we would like to retell the contents of the previous section in 
a purely algebraic language, without using homotopy theory, and thus 
give an algebraic proof of Theorem II. 3[ 

8.1. Decategorification. We start by recalling a well known decate- 
gorified version of Theorem 11.31 Let G be a group and let R = (Bg^cRg 
be a G— graded ring. Recall that R is called strongly graded if the mul- 
tiplication map Rg ®z Rh Rgh is surjective; in this situation we say 
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that R is strongly G— graded extension of Re- By |Da] for a strongly 
G— graded ring R the induced maps Rg Rh —>■ Rgh are isomor- 
phisms; in particular Rg is an invertible i?e— bimodule for any g E G. 
Thus any strongly G— graded ring R defines a homomorphism g \^ Rg 
of 2-groupoids G Pic(-Re), where Pic(i?e) is the 2-groupoid of invert- 
ible i?e— bimodules. Conversely, it is clear that any homomorphism of 
2-groupoids G Pic (S) determines a strongly G— graded extension of 
S. 

By definition, the group of 1-morphisms in Pic(S') is the group of 
isomorphism classes of invertible S"— bimodules Pic(S') and the group 
of 2-endomorphisms of the unit 1-morphism (which is S considered as 
an 5— bimodule) is the group Z{S)^ of invertible elements of the center 
2{S) of S. Thus the group Pic(5') acts on the abelian group Z{S)^ and 
the equivalence class of 2-groupoid Pic fS*) is completely determined by 
a class uj G H^(Pic{S), Z{S)^). Thus we obtain the following result: 

Theorem 8.1. (see [CG]) There exists a class to E H^{Pic{S), Z{SY) 
such that strongly G— graded extensions of a ring S corresponding to a 
homomorphism (p : G —>■ Pic{S) form an H'^{G, Z{S)^) — torsor which 
is nonempty if and only if (f)*{uj) = G H^{G, Z{S)^) . □ 

8.2. An action determined by a G-extension. Let 

g€G 

be a G-graded fusion category and let Ce ■= T> (i.e., C is a G-extension 
of V). By Theorem 16.11 for each pair g,h E G there is an equivalence 
of "D-bimodule categories 

(40) Mg^h : Cg Ch = Cgh 

which comes from the restriction of the tensor product of ® : CKIC — C 
to 

(41) (^g^h-.Cg^Ch^Cgh. 

By Corollary 16.21 the group Zg := Autx>{Cg) of P-bimodule autoe- 
quivalences of Cg is abelian and is isomorphic to the group Z := of 
isomorphism classes of invertible objects in Z{T>). 

Observe that for all (7, / E G there are group isomorphisms if^g : 
Zg = Zgf and jf^g : Zg = Zfg defined by 

(42) if^gih) ■= Mgjo{hMvldc,)oM;} 

(43) 3Uh) := Mf^go{ldc,^vh)oMj^^ 
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for all b G Zg. One can easily check that for all f,h,g G G there are 
equalities 

(44) ifh,g = ih,afif,g, and jfh,g = jf,hg3h,g- 

It follows from ( !50l) that the isomorphisms i and j commute with each 
other, i.e., for all f,g,hEG there is an equality 

(45) if,hgJh,g = Jh,gfif,g- 

Define an action of G on Z hj p : G —>■ Aut{Z) : g ^ pg where 



(46) 



geG. 



Proposition 8.2. The action p : G ^ Aut{Z) depends only on the 
homomorphism c : G ^ BrPic{Ce) and does not depend on the choice 
of equivalences Mg^h '■ Cg Kl© Ch — Cgh- 

Proof. It suffices to show that isomorphisms if^g, jj^g defined by equa- 
tions P2l) and fH3l) do not depend on the choice of equivalences Mg^^. 

vCh = Cgh is another "D-bimodule equivalence 
Lg^hoMg^h where Lg^h £ Autx)(Cc,/i). It follows that isomor- 
phisms Autx)(Cg) = Autx>(Cg/i) determined by Mg^h and M'^ j^ differ by 
a conjugation by Lg^^. But since PMiviCgh) is abelian, this conjugation 
is trivial. □ 

8.3. Cohomological data determined by a G-extension. Let C = 

(BgecCg be a G-extension of Ce ='■ V. We continue to use the notation 
introduced in Section [8^ see (l40l) and (HTI) . 
For all g,h & G let 



Indeed, if ^ : Cg 
then 



5, 



g,h '■— Bcgfih '■ CgMCh ^ Cg L-Zi 



c. 



(47) 

be the canonical functor coming from Definition 13. 3[ For all f,g,hEG 
consider the following diagram of P-bimodule categories and functors: 



(4J 




Cfq KId Ch 



S.gh 



In this diagram we will refer to polygons formed by solid lines as those 
in the "front" and to polygons formed by dotted lines as the "rear" . The 
four triangles in the front commute by the universal property of tensor 
product of module categories. The square in the front commutes up 



44 PAVEL ETINGOF, DMITRI NIKSHYCH, AND VICTOR OSTRIK 

to an associativity constraint, which is an isomorphism of D-bimodule 
functors. Hence, the perimeter of the diagram commutes up to a nat- 
ural isomorphism of D-bimodule functors. The upper rear quadrangle 
commutes by Remark I3.6( ii) and the left and right rear quadrangles 
commute since functors Bg h, g,h & G, come from D-balanced functors. 
Therefore, the lower quadrangle in the rear commutes up to a natural 
isomorphism of P-bimodule functors : 

(49) aj^g^h : M^,ah(Idc, M^^h) = Mfg^^iMf^g He J- 
Equivalently, the following D-bimodule functor 

(50) T;,,,, := Mjg,,{Mj^g IdcJ(Idc, Mj,)Mjj, : Cj^, ^ C;,, 

is isomorphic (as a D-bimodule functor) to the identity. 

The pentagon axiom for the tensor product in C implies the following 
equality of natural transformations 

(51) 

Mf^ghk{idfMTyag^h,k)°af^gh,k{ldcf^vMg^h^T'^dcJoMfgh,k{af,g,^^^ 
= a/,3,/,fc(Idc, Idc, Mh,k) o afg,hAMf,g He, He J, 

for all f, g, h, k & G (note that we use the notation Id for the identity 
functor, and id for the identity morphism). 

To summarize, a G-extension C determines the following data: 

(1) a fusion category T>, a collection of invertible P-bimodule cat- 
egories Cg, g G G such that Ce = T>, and an action p of G by 
automorphisms of the group Z of invertible objects of 2[V), 

(2) a collection of "D-bimodule isomorphisms Mgh : Cg ^t> Ch = Cgh 
such that each Tj g /i defined by fl50|) is isomorphic to the identity 
as a D-bimodule functor, 

(3) natural isomorphisms aj^ /i fH^ satisfying identity (1^ . 

In the next few subsections we will show that, conversely, a set of 
data with the above properties gives rise to a G-extension. 

8.4. Obstruction to the existence of tensor product. Let us con- 
sider a situation opposite to the one studied in Section 18.31 Let G be 
a finite group. Suppose that we are given a fusion category D, a group 
homomorphism c : G — > BrPic(P), g ^ Cg, and there are P-bimodule 
equivalences 

(52) Mg^h ■■ Cg Mj, Ch = Cgh, 

for all g,h E G. Let p : G Aut(Z), Z := Autx)(X') be the action of 
G defined in Section 18. 2[ By Proposition 18. 2[ p depends only on c and 
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not on the choice M^^^, g,h & G. We would hke to parameterize fusion 
category structures on C = ©ggc which give rise to this data. 

First, let us investigate the existence of a G-graded quasi-tensor cat- 
egory structure on C. By a quasi-tensor category we mean a category C 
with a bifunctor (g) : C x C ^ C such that ® o ((g) x Idc) = (g o (Idc x (g) 
(so we do not yet require existence of an associativity constraint for 
®). 

As before, let Zg = Autx>{Cg). Then Z := Z^ is the group of invertible 
objects in Z{T>). We have isomorphisms ig^i : Z = Zg for all g E G. 
For all f,g,h eG let 

(53) T;,,,, = M;,,,(M;,, IdcJildc, M^l)Mj^^, 

Then Tf g h = ijgii i(7/,g,/i) defines a function on G^ with values in the 
abelian group Z. One can directly check that 7/^ /j is an element of 
Z^{G,Z), i.e., a 3-cocycle on G with values in Z (the latter is a G- 
module via p). Let us find how this function depends on the choice of 
equivalences Mg^h- 

Suppose each Mg^^ is replaced by M'^ f^ = Lg^^oMg^h where Lg^^ ^ Zg^ 
as above. Then the corresponding function on G^ with values in Zfg^ 
is 

T'f,,,H = M}^,,(M},^K^IdcJ(Idc,Ki,M-i)M;;/, 

= Ljg,nMj,,^{Lj,gMf^g Mj, Idcj(ldc, Mj, M 1-^^) M jj.Lj 

Let Lg^h '■= \hi{Lg^h) £ Z. We compute, using Equations (Hil) . fHSl) 
and definition P6l) of the action p: 

^ ^fgh,li'^'f,g,h) 

= ^f9,h ^Jgh,l^hJgifgA^f,g) ^Jgh,lj f,9hhhA^g}i) ^J^h Tf,g,h 

Thus, the function T' differs from T by a coboundary. This yields a 
cohomology class in H^{G, Z) independent on the choice of the equiv- 
alences Mg^h- 

Definition 8.3. We will call the cohomology class of T in H^{G,Z) 
the tensor product obstruction class and denote it 03(c). 

Theorem 8.4. Let G be a finite group and let V be a fusion category. 
Let 

c:G ^ BrPic{V) : g ^ Cg 
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be a group homomorphism. Then there exist V -bimodule category equiv- 
alences Ce = V and Cg Ch = Cgh, g,h & G defining a V-himodule 
tensor product ® on C = ®g^G Cg such that ®o{®M Idc) — ® ° (Idc ^ 
®) if and only if the obstruction class 03(c) is the trivial element of 
H\G,Z). 

Proof. Consider the diagram of functors fHSl) . It was explained above 
that its natural D-bimodule commutativity is equivalent to the natural 
D-bimodule isomorphism T/^g,/i = Idc/^h, fiQi^ ^ O. The latter is 
equivalent to T being cohomologous to 1 in Z'^{G, Z). □ 

8.5. Construction of a quasi-tensor product. 

Theorem 8.5. Suppose that the obstruction class 03(c) vanishes. Then 
isomorphism classes of T) -bimodule tensor products on C = (BgeG^g 
form a torsor over the second cohomology group H'^{G, Z). 

Proof. Choose P-bimodule equivalences Mg^h '■ Cg Kl© Ch = Cgh for all 
g,h & G and natural isomorphisms of P-bimodule functors 

(54) af^g^h : Mfg^h{Mf,g McJ ^ ^^^^^.(Idc, Mg^h) 
which give rise to a natural isomorphism 

(55) a : (g) o ((g) X Idc) ^ (g o (Idc x ®)- 

The computations done in the previous subsection show that replacing 
each Mg^h by Lg^h o Mg^h where Lg^h G Zgh makes the two sides of fl5^ 
differ by 

(56) Lfg^h Lf,g pf ilg)J Ijl^^ e Z . 

Thus, substituting Lg^h°Mg h for Mg^h does not affect the existence of 
an isomorphism a as in flMl) if and only if L G Z'^{G, Z) is a 2-cocycle. 
Clearly, two 2-cocycles define isomorphic tensor products if and only if 
they are cohomologous. □ 

Thus, in the case when 03(c) is cohomologically trivial, one defines a 
tensor product on C = ©ggc Cg as follows. Choose P-bimodule equiv- 
alences 

Mg,h '■ Cg Mj) Ch = Cgh 

and natural isomorphisms aj^g^h as in fl5^ . Then each Mg^h gives rise to 
a product <^g^h : Cg ^ Ch ^ Cgh and a j^g^h gives rise to an isomorphism 

®f,gh O (Idc, K ®g,h) = ®fg,h O {®f,g K He J. 
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8.6. Obstruction to the existence of an associativity constraint. 

We continue to assume that the tensor product obstruction 03(c) van- 
ishes, i.e., that c gives rise to a P-bimodule quasi-tensor product on 

C = ©ggG Cg- 

Let us determine when this quasi-tensor product is in fact a ten- 
sor product, i.e., when it admits an associativity constraint satisfying 
the pentagon equation. Choose a collection of P-bimodule category 
equivalences 

M = {Mg^h Cg Ch = Cgh} 

and natural isomorphisms as in fl5^ . 

Definition 8.6. We will call M = {Mg^h ■ Cg Mj, Ch = Cgh}g,heG a 
system of products. 

By Theorem 18. 5[ M is an element of an H'^{G, Z)-torsor. 

Note that each is determined up to an automorphism of a 

simple object in Z{Ce), i.e. up to a nonzero scalar. 

For all f,g,h,kEG let us consider the following cube whose vertices 
are P-bimodule categories, edges are P-bimodule equivalences b, 
and faces are natural isomorphisms aa,f),c, a,b,c E G, see (to keep 
the diagram readable, only the faces are labeled): 
(57) 

Cf Klx) Cg Kl^i Ch Klx) Ck *- Cfg Klx) Ch Ck 




The composition of the natural transformations corresponding to faces 
of this cube is a "D-bimodule automorphism of the functor 

Mfgh,k o (Mfg^h IdcJ o {Mf^g Mt, Idc, IdcJ 
i.e., the scalar 
(58) 

i^f,g,h,k := {Mf,gMvldc,MvldcJaJ^,h,k°i^dCf ^vldc, Mt, Mh,k)aJ^g^hk 
oMf^ghk{idf^vag^h,k)oaf,ghA^^Cf^vMg^h^vldcJoMfgh,k{af,g,h^vidk) 
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The commutativity of the cube ( 157|) is equivalent to the existence of 
an associativity constraint for C satisfying the pentagon axiom. The 
cube commutes if and only if {aj^g^h} f,g,heG can be chosen in such a 
way that i^f,g,h,k = 1- See [KVj regarding the notions of composition of 
faces and commutativity of a polytope. 

It is easy to check that the above i/ is a 4-cocycle on G with values 
in k^. Let us determine how u changes when we change the choice of 
a. Let 

(59) Oi'f,g,h = (^f,9,h>^f,g,h, where A/,^,/^ G k"". 
Then the corresponding scalar is 

(60) ^'f,g,h,k = ^f,9Ak^7!g,hk'^Jg,h,k'^g,h,k'^f,9h,k>^f,g,h 

Therefore, there is a canonical element in if^(G', k^) (the class of u) 
which depends only on c and the choice of M. 

Definition 8.7. We will call this element the associativity constraint 
obstruction class and denote it 04(0, M). 

Theorem 8.8. Suppose that a homomorphism c : G BrPic{'D) is 
such that C = (Bg^cCg (with Ce = V) admits a V-himodule quasi-tensor 
product via a choice of a system of products M. Then this product 
admits an associativity constraint satisfying the pentagon equation if 
and only if 04{c, M) is the trivial element of H^{G,]<.^) . 

Proof. Clear from the discussion above. □ 

Let C = ©ggG Cg be a G-extension and let ax,Y,z be the associativity 
constraint for the tensor product of C, where X, Y, Z are objects in C. 
Given a 3-cocycle u G Z^{G, k^) one can define a new associator 

'■= ^^(/' 9, h)ax,Y,z 

for all X eCf.Y eCg, z e Ch. 
Let 

Oi'x Y z be another associativity constraint for the tensor prod- 
uct of C. We will say that a' is equivalent to a if a' = a'^ for some 
coboundary u. Clearly, equivalent associators determine equivalent 
tensor categories. 

Theorem 8.9. Suppose that the obstruction classes 03(c) and 04(0, M) 
vanish. Then the equivalence classes of associativity constraints for the 
tensor product of C = ®geG Cg coming from the system of products M 
form a torsor T^ over H^{G, k^). 

Proof. The proof is similar to the proof of Theorem 18.51 We need to 
estabhsh a bijection between the choices of a = {c(f,g,h} f,g,h&G leading 
to associativity constraints on C and elements of if^(G,k^). If one 
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such a is chosen, any other choice has a form ( l59i) . From equation ( l60l) 
we see that the corresponding coboundary y'^^g^^^]. is equal to 1 precisely 
when 

i.e., when A is a 3-cocycle. Moreover, two 3-cocycles are cohomologous 
if and only if the corresponding associators on C are equivalent. □ 

8.7. The associativity constraint and the Pontryagin- White- 
head quadratic function. Let £^ be a pointed braided fusion cate- 
gory, and let A be the group of isomorphism classes of invertible objects 
of £. Let G be a finite group acting on £ by braided autoequivalences. 
In this situation we can define a quadratic map PW : H^{G,A) —>■ 
H^{G,]<.^), which we call the Pontryagin- Whitehead quadratic func- 
tion, as follows. 
Let 

L:GxG^A:{f,g)^Lf,g 

be a 2-cocycle of G with coefficients in A, i.e. a collection of simple 
objects of £, such that there exist isomorphisms 

Then we can consider the automorphism of Lfgh^ ® Ljg^^ ® (iden- 
tified with a scalar) Vf^gXk, given by the composition 

Lfgh,k®Lfg^h®Lf^g Lfgh,k®Lf^gh0f{Lg^h) ^ L f ^ghk^ f {L gh ,k) ^ f {L g ^h) 

Lf^ghk ® f{Lg,hk) ® fg{Lh,k) Lfg^hk ® Lf^g ^ f Q {L h ,k) 

Lfg^hk ® fg{Lh,k) ®Lf^g-^ Lfgh,k ^ ^ ^/.^ , 

where we suppress the associativity isomorphisms, and all the maps 
except the fifth map are given by the isomorphisms Cx,y,z from fl62|) for 
appropriate x, y, z, while the fifth map is given by the braiding acting 
on Lf^g (g) fg{Lh,k)- 

Proposition 8.10. (i) u is a 4-cocycle of G with coefficients in 

k^ 

(ii) if ( is changed by a cochain ^x,y,z, then v is multiplied by (so 

the cohomology class of u does not change), 
(in) if Lf^g is changed by a coboundary, i.e. replaced by 

L'f^g=Xjg0Lf,g0fiX;')0Xj\ 

where (Xj) is a collection of simple objects, then v is changed 
by a coboundary. 

Proof. Straightforward verification. □ 
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Definition 8.11. The map PW : H^{G,A) H\G,k'') is defined 
by 

(63) PW{L) = V. 

Note tliat if tlie action of G on £ is altered by an element 9 G 
H'^{G,A*) (by changing the isomorphisms rjg^h '■ Fg o ^ Fgh), then 
the map PW is modified according to the rule 

PW'{L) = PW{L){L,e), 

where ( , ) : H^{G, A) x H^{G, A*) H\G, k^) is the evaluation map 
combined with the cup product in the cohomology of G. 

Let q be the quadratic form on A defined by the braiding on £ 
{q{Z) = Czz), and bg be the corresponding symmetric bilinear form 
{bg{Y, Z) = cyzCzy)- The following proposition shows that PW is 
indeed a quadratic function. 

Proposition 8.12. 

PW{LiL2) = PW{Li)PW{L2)hg{Li,L2). 

Proof. This is verified by a direct computation from the definition, by 
using the hexagon relations for the braiding. □ 

Now let us assume that \A\ is odd. Then £ = VecA, and the braiding 
on £ is canonically defined by the quadratic form q on A, which is, 
in turn, determined by the corresponding symmetric bilinear form bg. 
Thus, every homomorphism : G — 0{A,q) canonically defines an 
action of G on £. In this case, we can pick the associativity morphisms 
and the maps Cx,y,z to be the identities, and one gets 

(64) ^f,g,h,k = CLf^,Jg{Ln,k)- 

Proposition 8.13. For the canonical action of G on £, one has 

PW{L) = bg{L'/',L) 

(i.e., PW{L) is bg applied to the cup product of L^^"^ with L). Thus, 
for the canonical action shifted by 6 E H'^{G,A*), one has 

PW{L) = bg{L^'\L){L,e). 

Proof. This follows from formula fl64l) . □ 

Remark 8.14. The map PW can be alternatively characterized as fol- 
lows. Since G acts on £ by braided autoequivalences, it acts canonically 
on the Drinfeld center Z{£\ Note that Z{£^ is a pointed category, and 
its group of simple objects is A ©A*. Thus, an element L G H'^iG, A) is 
nothing but a way to alter the canonical action oi G on Z{£) (keeping 
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its action on isomorphism classes of objects fixed), so that its action 
on £^ C Z{£^j remains the same. By Theorem 11.11 and Theorem II. 3^ 
having fixed L, we fix a collection of £^-bimodule categories Eg^ 9 & 
with a tensor product functor on them. Then PW{L) is nothing but 
the obstruction 04(0, L) to the existence of the associativity constraint 
for this tensor product functor. 

Now let T) be any fusion category. Let c : G ^ BrPic(T') be a 
group homomorphism, c{g) = Cg, and let M = (Mg^h) be a choice 
of isomorphisms Cg KId Ch Cgh defining a tensor product functor on 
C = ®gCg. Then G acts on the braided category Z{T>), in particular, on 
the subcategory of its invertible objects. Thus, we have the Pontryagin- 
Whitehead quadratic function 

PWm:H\G,tx^)^H\G,tx^), 

where 1^2 = lnv{Z(T>)), tt^ = . 

Proposition 8.15. For any L G H'^{G, 7:2), one has 

Oi{c,LM)/0^{c,M) = PWm{L). 
Thus, for Li, L2 G H^{G, 7:2), one has 

0,{c,L^L2M)0^{c,M) _ 

O^ic, LiM)04{c, L2M) ^ 

where [, ] is the Whitehead bracket combined with the cup product in the 
cohomology of G. 

Proof. The first statement follows by replacing M by LM in diagram 
f l57|) and applying the definition of PWm- The second statement follows 
from the first one and Proposition I8.12[ □ 

Remark. A version of the map PW is discussed in [B], Chapter 
V, and under additional assumptions, the above results can be derived 
from the statements in [B]. 

8.8. A divisibility theorem. The following theorem is somewhat 
analogous to the Anderson-Moore- Vafa theorem for tensor categories 
(see Hi]). 

Theorem 8.16. Let D be the Frobenius-Perron dimension ofT>. Then 
the order ofO^{c,M) in H\G,k'') divides D\ 

Proof. For a G G, let Ra = ©xeirrCaFPdim(X)X be the regular (vir- 
tual) object of Ca (where the Frobenius-Perron dimensions in Ca are 
normalized in such a way that FPdim(i?a) = D). Let us apply equation 
(158|) to the product Rf <Si Rg® Rh^ Rk, and compute the determinants 
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of both sides (where the determinant is understood in the sense of [Et] , 
Section 2). Since u is a scalar, on the left hand side we get i^fg h^^- To 
compute the right hand side, we use that Ra® Rb = DRab- Then the 
right hand side takes the form 

det {a fg^h,k)~^ det(a/,g,hfc)"'° det{ag^h,k)^ det{af^gh,k)^ det(a/,g,h)^. 
Thus we see that 

where d is the differential in the standard complex of G with coefficients 
in k^. This implies the statement. □ 

9. Examples of extensions 

Throughout this section we freely use the notation and terminology 
from the previous sections. 

9.1. Extensions of finite groups. Let G be a finite group. The prob- 
lem of finding all G-extensions of a fusion category V (i.e., G-graded 
fusion categories C = (Bgec Cg with a prescribed identity component 
Ce = T>) includes, as a special case, the classical theory of group exten- 
sions jEM] . 

Indeed, let if be a finite group and let V = Vecn be the fusion 
category of if-graded vector spaces with the trivial associator. For any 
automorphism a G Aut(if ) let Aia be the "D-bimodule category, which 
is T> as an abelian category, with the actions given by 

kh ® k^; = ka{h)x, and k^ (g) k/, = k^h, h,x e H, 

where kh, h & H are the simple objects of Vecn, and with the usual 
vector space associator. Note that Ada is a typical example of an 
indecomposable P-bimodule category which is equivalent to "D as a 
right D-module category. 

It is easy to check that Aia is isomorphic to the regular "D-bimodule 
category if and only if a is an inner automorphism and that Ai^ 
A4i3 = M-afi for all G Aut(if). In particular, each AA^ is an 
invertible "D-bimodule category. 

Thus, in this homomorphism c : G ^ BrPic(P) with the 

property that each Cg is equivalent to P as a right P-module category 
is the same thing as a homomorphism c : G — > Out (if) to the quotient 
of Aut(if) by the subgroup of inner automorphisms. For such a homo- 
morphism choose a representative 7^ G Aut(if) from each coset c{g) 
and let Cg = Ai^^. 

If there is a fusion category structure on C = (Bg^cCg then this 
category is pointed and hence is equivalent to a category of if-graded 
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vector spaces for some group K, possibly with a 3-cocycle uj. It is 
clear that this K is an extension of G by H, i.e., there is a short exact 
sequence of finite groups: 

(65) 1 — > H — > K — >G — ^1. 

In this case the group Z is isomorphic to Z{H) © IIom(iJ, k^), where 
Z[H) is the center of H and Hom(iJ, k^) is the group of homomor- 
phisms from if to k^ . Indeed, as we observed earlier, Z is isomorphic 
to the group of invertible objects of Z(V) (= Z(Veciy)). 

One can easily check that the obstruction class 03(c) belongs to 
H^{G,Z{H)) C H^{G,Z{H)) © Hom(/i,k^), and coincides with the 
Eilenberg-MacLane obstruction to the existence of extension (1651) . with 
a given action G Out (if) see |EM] . When this obstruction vanishes, 
we have a choice of M = (Mi, M2) where Mi belongs to a torsor Ti over 
H^G, Z{H)), and M2 belongs to a torsor T2 over H\G, Hom(ii, k^)). 
One can check that the torsor Ti is exactly the one classifying group 
extensions, see |EMj . Furthermore, the torsor T2 is canonically trivial, 
since every group extension canonically determines a categorical ex- 
tension. Finally, it is easy to check that the obstruction 04(0, Mi, M2) 
is linear in M2, and it follows from Proposition 18.151 that for any 
LeH\G,Z{H)), 

0,ic,LM„M.)^ 

0^{c,M,,M2) ^ ' ^ ' ^ 

Thus, our theory of categorical extensions reproduces the classical the- 
ory of group extensions. 

Remark 9.1. If H is an abelian group, then it is clear that 03(c) 
vanishes, and the torsor Ti is canonically trivial (Ti = H'^{G,H)). In 
this case, we have 

04(c,Mi,M2) = (Mi,M2) e H\G,k''). 

9.2. Invertible fiber functors and Tambara-Yamagami cate- 
gories. Recall that a fiber functor on a tensor category C is the same 
thing as a C-module category structure on Vec. 

Let G be a finite group and let C = Vecc be the tensor category 
of G-graded vector spaces. We will describe all invertible C-bimodule 
category structures on Vec. Let be a 2-cocycle on O x G°^ and let 
Ai^ denote the Vecc-bimodule category based on Vec with the action 
(a, 6) © k = k, where k is a one-dimensional vector space, and an 
associativity constraint 

0((ai,a2), (6i,&2))idk : ((ai, 02) © (61, 62)) ®k ^ (ai, 02) © ((61, 62) ®k). 
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Every C-bimodule category structure on Vec is equivalent to Ai^. 
Recall the Schur isomorphism, see |Kar[ 2.2.10]: 

(66) s : H\G X G, k^) A H\G, k^) x H\G, k^) x {Gab ®z Gab)\ 

where Gab = G/G' is the abelianization of G. Note that {Gab ®'l Gab)* 
is isomorphic to the group of bicharacters on G (or, equivalently, on 

Gab)- 

Below we will abuse notation and identify cocycles with their coho- 
mology classes. Let us write 

(67) S{<P) = (01, 02, 012). 

Here 0i, 02 G H^{G, k^) define the left and right C-module structures 
on and 0i2 G {Gab ®z Gab)* defines its C-bimodule structure. 

Remark 9.2. The category (7W(^)°p is also a C-bimodule category 
based on Vec. It is easy to check that {M.ff,)°^ = M.^ where 

0((a,a'),(6,6')) := 0((a', a), (6', 6))"^ 
Thus, 01 = 02 \ 02 = 0r\ and 0i2(a., h) = 0i2(&, a), a,b E Gab- 
Given two 2-cocycles 0, 0' on G x G, the category Func(A^0, M.^') 
is equivalent, as an abelian category, to the category Rep^(G) of pro- 
jective representations of G with the Schur multiplier /i = 0'i/0i. This 
category is acted upon by VecGxG°p via 

((a, b) ® 7r)(x) = 0i2(a;, a)7r(x)0'i2(a;, 6), 

where a,b,x E G, tt E Rep^(G). The associativity constraint isomor- 
phism between {{a, a') ® {b, b')) vr and (a, a') ® {{b, b') ® vr) is given 
by 02(a,6)0'2(6',a'). 

Proposition 9.3. (i) LetG be a finite group and letuj E H^{G, k^). 
Let VecG,uj be the corresponding pointed fusion category. If Vec 
has a structure of an invertible Veccu-bimodule category then 
G is abelian and uo is cohomologically trivial. 

(ii) Let G be abelian. Then Ai^ is an invertible Vecc-bimodule cat- 
egory if and only if (pu is a non- degenerate bicharacter on G. 

(iii) The category Ai^ has order 2 in BrPic{VecG) if and only if 
01 = 02^"'^ and 012 is a symmetric non- degenerate bicharacter. 

Proof, (i) Since VecG,cj has a fiber functor, oj must be trivial. By Propo- 
sitionH]2]the dual of Vecc with respect to its module category Vec must 
be pointed, which forces G to be abelian. (ii) The computations done 
before this Proposition show that Func(A^0, A^^) = C as a C-bimodule 
category if and only if 0i2 is non-degenerate (there are no conditions on 
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01, 02)- (iii) This is equivalent to existence of a C-bimodule equivalence 
M!^^ = M.,j„ so we can apply Remark [921 □ 

Example 9.4. In |TY] D. Tambara and S. Yamagami classified all 
Z/2Z-graded fusion categories C = C+ © C_ in which C+ is a pointed 
category, and C_ has a unique simple object. They showed that any 
such category is determined, up to a tensor equivalence, by a finite 
abelian group A, an isomorphism class of a non-degenerate symmetric 
bilinear form x '■ A x A — >■ k^, and a square root of \A\ in k. The 
classification of |TY] uses direct calculations of associativity constraints 
as solutions of a system of pentagon equations. 

Let us derive this classification from our description of graded cat- 
egories in Section M and Proposition 19.31 Let C = Co © Ci be a fusion 
category with Z/2Z-grading satisfying the above properties. Its triv- 
ial component Cq is a pointed fusion category. By Proposition I9.3( i). 
Cq = VecA, for some finite abelian group A. The invertible Vec^- 
bimodule category Ci has order 2 in BrPic(VecA). By Proposition 19. 3[ 
Ci = M.(j, where is such that 0i = 0^^ and 0i2 is a non-degenerate 
symmetric bicharacter of A, cf. f ETj) . 

We have Z := Inv(Z(VecA)) = A ® A* . Let us identify A with 
A* using the bicharacter 0i2; then we have Z = A (B A, and as a 
Z/2Z-module, Z = Fun(Z/2Z, A). Therefore, by the Shapiro lemma, 
if*(Z/2Z, Z) = for i > 0. Thus, 03(c) = 0, and there is no freedom 
in choosing M. 

Furthermore, the associativity constraint obstruction O4 vanishes 
since if^(Z/2Z, k^) = and hence there are precisely two non-equivalent 
tensor category structures on C corresponding to two elements of the 
group i73(Z/2Z,k^) = Z/2Z. 

Let r be a tensor autoequivalence of Vec^. Let C[ denote the Vec^- 
bimodule category obtained from Ci by twisting the action of Vcca by 
means of r, i.e., by letting the result of action of XKiy G VecyiKlVec^^ 
on M E M tohe (r(X) M t(Y)) © M. Clearly, we can replace Ci by 
C[ without changing the corresponding extension. 

The group of tensor autoequivalnces of Vec^ is isomorphic to the 
semi-direct product H'^{A, k^) x Aut(A). Choosing r to be the element 
corresponding to (0j~^, a), where a is any automorphism of A, we see 
that can be chosen in such a way that 0i = 1 and the choice of 0i2 
matters only up to an automorphism of A. 

Thus, we obtain the same parameterization as in [TYj . 

9.3. Categories C graded by a group G of order coprime to 
FPdim(Ce). If |G| and D := FPdim(X>) are coprime, the classification 
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of extensions of X' by G simplifies, as the cohomological obstructions 
O3 and O4 automatically vanish. Namely, we have the following result. 

Theorem 9.5. LefD he a fusion category of Frobenius- Perron dimen- 
sion D relatively prime to \G\. Then any homomorphism c : G ^ 
BrPiciV) can he upgraded to a G-graded fusion category with trivial 
component Ce = T>, and such categories are parametrized by a torsor 
'^cM over H^{G,li^) (up to a grading-preserving equivalence). 

Proof. This follows from Theorem 11.31 and Theorem 18. 161 Indeed, the 
order of the group tt2 = Inv(2(P)) divides ( [ENOlt Proposition 
8.15]), so it is relatively prime to IGI. Thus, H\G,H2) = 0, i > 
1. So 03(c) vanishes, and there is no freedom in choosing M. Also, 
by Theorem 18.161 the obstruction 04(0, M) vanishes. So the graded 
category C exists, and the freedom in its construction is just the freedom 
of choosing a, which lies in a torsor over H^{G, k^), as desired. □ 

For applications of this Theorem, see [JLj . 
10. Lagrangian subgroups in metric groups and bimodule 

CATEGORIES OVER VECa 

Let Bimodab be the category whose objects are categories Vcca where 
A is an finite abelian group, and morphisms from Vec^ to Vec^ are 
equivalence classes of (not necessarily invertible) (Vec^, VecA)-bimodule 
categories, with composition of morphisms being the tensor product of 
bimodule categories. The goal of this section is to describe this cate- 
gory explicitly. 

First we need to set up some linear algebra, which is well known, but 
we work out the details for the reader's convenience. 

10.1. The category of Lagrangian correspondences. Let us de- 
fine the category Lag of Lagrangian correspondences. We define the 
objects of this category to be metric groups {E,q). Morphisms from 
{Ei,qi) to (£"2,^2) are, by definition, formal Z+-linear combinations of 
Lagrangian subgroups in {Ei © E2, gf^ © 52)- 

The composition of morphisms is defined as follows. Let 
L e Mor((Ei,gi),(E2,g2)), M e Mor((E2, ^2), (^3, ga)) be Lagrangian 
subgroups. Then we define M o L to be the set of all pairs (ai, a^) G 
El © E3 such that there exists 02 G E2 for which (01,02) G L and 
(02,03) G M. Also, let m{M,L) be the number of such 02. Then 
the composition of morphisms is defined by the condition that it is 
biadditive, and 

M»L = m{M,L)MoL. 
To validate this definition, we must prove the following Lemma. 
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Lemma 10.1. (i) M o L is a Lagrangian subgroup of the metric group 

(a) The function m satisfies the 2-cocycle condition, 

m{N, M o L)m{M, L) = m{N o M, L)m{N, M), 
so that the operation • is associative. 

Proof, (i) First of all, it is easy to check that M o L is an isotropic sub- 
group. Next, M o L is the quotient of the intersection of the subgroup 
L © M with the diagonal copy of © £^2 © in -Ei © © -E2 © E^ by 
the group = M fl L fl £'2- It is easy to see that the image of L © M in 
£"2 ffi £^2 /-E'2 — -^2 is the orthogonal complement N-^ of A^. Thus, the 
order of the intersection of L © M with © E2 © £^3 is |M| ■ |L|/|A^^|, 
and hence the order of M o L is |M| ■ |L|/|^2| = (|^i| ■ |^3|)^''^ i-e. 
M o L is Lagrangian. 

(ii) This is a straightforward computation. □ 

Thus, we have defined the category Lag. Note that the identity 
morphism of (i?, q) in this category is the diagonal subgroup of E (B E. 

Proposition 10.2. The groupoid of isomorphisms in Lag is naturally 
isomorphic to the groupoid of isometrics of metric groups. In particu- 
lar, the group of automorphisms of{E, q) in Lag is naturally isomorphic 
to 0{E,q). 

Proof. Let {E, g), (£", q') G Lag. Let L C E Q) E' he Lagrangian under 
the form q~^ © q'. If L defines an isomorphism then L o M = id for 
some Lagrangian M G E' (B E, which implies that the intersection L 
with E' is zero. Similarly, the intersection of L with E is zero (because 
M o L = id). This means that L is the graph of some isomorphism of 
groups g : E E' , and since L is Lagrangian, this isomorphism is an 
isometry. Conversely, if g : E ^ E' is an isometry then the graph of 
g is Lagrangian in ii^ © E'. It is easy to see that the composition of 
Lagrangian subgroups goes under this identification to the composition 
of isometrics. The proposition is proved. □ 

10.2. Subgroups with a skew-symmetric bicharacter in an abe- 
lian group. Let A be a finite abelian group. Denote by C{A) the set 
of pairs {H, ip), where H G Ais a subgroup, and ip is a skew-symmetric 
bicharacter of H. Also, for a metric group {E,q), let C{E,q) be the 
set of Lagrangian subgroups of E. 

The following Proposition is a special case of a more general result 
proved in [NNj . 
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Proposition 10.3. There is a natural bijection 
(68) T:C{A)-^C{A®A*,q), 

where q is the standard hyperbolic quadratic form of A (B A* given 
by q{a, f) = /(a). This bijection is given by the formula T{H,ip) ~ 
{{h, z)\z e ip{h)}, where ip{h) e H* — A*/H± is regarded as a coset of 
in A*. 

Proof. It is clear that the subgroup L = {{h,z)\z e V'(^)} C A ® A* 
is isotropic. Also, \L\ = \H\ ■ \H±\ = \A\, so L is Lagrangian. Thus 
the map r is well defined. Now we'll prove that r is invertible by 
constructing the inverse map. Namely, given a Lagrangian subgroup 
L C A ® A*, set a{L) — [H, t/j), where H is the image of L in A, and 

ijj{hi,h2) := (/i'1,/12), 

where h[ is any lifting of hi into L. 

To prove that a is well defined, we need to show that ■0(/ii,/i2) is 
independent on the choice of the lifting h'l. In other words, we must 
show that if v is an element of L fl H* then for any h & H we have 
{v, h) = 1. But this holds because {v, h) = {v, h') for any lifting h' of 
h to L, and (u, h') ~ 1 since v, h! e L, and hq is the standard inner 
product on A® A*. 

Now we should prove that {ip{h),h) = 1, i.e. that {h',h) — 1, if 
h & H and h' is a lift of h in L. We have 

ih',h) = qih)qih')/qih'-h), 

Now we see that all three factors on the RHS are equal to 1: the first 
one because h G A, the third one because h' — h G A*, and the second 
one because h' & L and L is Lagrangian. 

Finally, we should check that a is indeed inverse to r. We have 
{a o t){H,iIj) = {H.ijy), where ip'{hi,h2) = (zi,/i2), where Zi G ip{hi). 
Thus ip' = ip and we are done (since r is a map of finite sets) . □ 

10.3. The structure of the category Bimodab- Now we will define a 
functor T from the category Bimodab to the full subcategory Lagj^yp of 
Lag, whose objects are groups of the form AQ) A* with the hyperbolic 
quadratic form q. Namely, recall that if G is an abelian group, then 
equivalence classes of indecomposable left module categories over Vecc 
are parametrized by the set C{G) defined in the previous subsection. 
Now, for any indecomposable (Vcca, VecB)-bimodule category J\4, re- 
gard Al as a Vec^eB-module category via {a,b) M — a ® M ® b~^, 
and consider its equivalence class [A4] G C{A® B). Set 

T{M) := -fT{[M]) eC{A®A*®B® B*, qA ® qe'), 
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where 7 G Ant{A®A*®B®B*) is defined by the formula 7(0, a*, b, b*) = 
(a, a*, —b, b*) and r is defined in f lBSj) . Extend T to decomposable mod- 
ule categories by additivity. 

Theorem 10.4. The assignment T is a functor, i.e. for any {VecAi, Vec^a 
himodule category N and (Vec^j, VecA.j)-himodule category N' one has 

T{Mmvec^^ AT') = TiAT) o T(Ar'). 

Proof Let 741,^2,^3 be abelian groups, {H,ip) G C{Ai®A2), iH',^)') G 
C{A2 © A3). We would like to find {H",iIj") such that 

7r(i7, ^) • 7r(i7', = m ■ -fT{H", <), 

and compute the value of m. 

By the definition of r, the subgroup L := 'yT{H,ip) C Ai Q) A^ Q) 
Ai © ^2 is the set of all {a\, fx.a^, f'l) such that (ai, — G and 
(/i) /2) — —02) G -?/_L. Similarly, the subgroup L' := •yr^H', ip') C 
A2®A2®A'i®Al is the set of all (02, /2, 03, /s) such that (02, -03) G if' 

and (/2, /3) - ^^'(02, -as) e if^. 

Now, L o L' = m ■ L", where L" is the set of all (ai, /i, 03, /3) such 

that there exist 02, /2 with (ai, —02) G i?, (/i, /2) — —02) ^ -f^±, 

(02,-03) G -ff', and {f2, fs) — V"' (0-2, —0.3) ^ H'±- Moreover, m is the 
number of pairs (02, /2) satisfying these conditions. 

Let L" = 7r(if",'^"). It can be checked directly from the above 
conditions that H",iIj" are the same as in Proposition 13. 191 Moreover, 
the number m is the number of pairs (021 f2)j so we have 

m = \KeT{{H n ^ Ai ® As)] ■ \H±r]H'^\ 

(the first factor represents the number of choices of 02, and the second 
one stands for the number of choices of /2). Thus, 

~ — lIFl 1^^ n^±l- 

But H" = Ho H'/{H n H'), so we get 



m 



\iHnH')^\ 




HnH'l 




\Ho 


H' 





which coincides with the second formula for m in Proposition l3.19[ The 
theorem is proved. □ 

Corollary 10.5. T is an equivalence of categories Bimodab — ^ Lagj^yp. 

Proof. This follows from Theorem 110.41 and Proposition 110.31 □ 
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Remark 10.6. Note that we have obtained another (direct) proof of 
Corollary II .21 which does not use Theorem ll.il (Namely, Corollary 11.21 
follows from Theorem 110.41 and Proposition 110.21 ) One can check that 
the two proofs provide the same isomorphism 

BrPic(VecA) = 0{A®A*). 

Remark 10.7. The isomorphism of Corollary 11.21 can be understood 
in topological terms as follows. Recall that 

7r,(E BrPic (VecA)) = A®A*, 7r:,(g BrPic (VecA)) = k^ 

and by Proposition 17.61 the Whitehead half-square 112 — > tts is the 
hyperbolic quadratic form q on A (B A*. Thus, the action of vri on 7^2 
must preserve this form, i.e. we have a homomorphism 

r] : BrPic(VecA) ^ 0{A © A*). 

One can show that this rj coincides with the isomorphism of Corollary 
11.21 i.e. with the restriction of T to invertible VecA-bimodule categories. 

10.4. The number of simple objects in an invertible bimodule 
category over Vec^. 

Proposition 10.8. Let g G 0{A © A*), and Cg be the corresponding 
invertible bimodule category. Let P be the projection A(B A* ^ A, and 
K be the kernel of P o g\A*- Then the number of isomorphism classes 
of simple objects of Cg equals \K\. 

Proof. The Lagrangian subspace L m A® A* ® A® A* correpsonding to 
g is the set of (a, f,g{a, /)), where a G A, / G A*. The corresponding 
subgroup H in A Q) A (such that Cg = A4{H,ip) for some ip) is the 
projection of L to A (B A. Thus, H projects onto A (via the first 
coordinate), and the kernel is the set of possible first coordinates of 
9{(^yf)y f ^ the image of Pog\j^*. Thus, \H\ = \A\/\K\, and 

we re done. □ 

10.5. Integral Vec^-bimodule categories. Recall that for an in- 
tegral fusion category C we defined in Section 14.21 the categorical 2- 
subgroup BrPic^(C) C BrPic(C) consisting of integral invertible C- 
bimodule categories. 

Proposition 10.9. If A is an abelian group then BrPic^{VeCji) = 
SO{A®A*). 

Proof. This follows easily from Corollary 11.21 Namely, by Proposition 
I4.10[ we may assume without loss of generality that A is a p-group 
for some prime p. In this case, the dimensions of simple objects in a 
bimodule category are either integer or half-integer powers of p. 
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Let C = VecA. For g e BrPic(C) = 0{A © A*), let P : A®A* ^ A 
be the projection, K be the kernel of P o g\j^*^ and I be the image of 
P o qIa*. Then by Proposition 110.81 the dimensions of simple objects 
of Cg are {\A\/\K\y/^ = (as I = A*/K). This is an integer if and 

only if |/| = p"', where n is even, i.e. if and only if d{A* , g{A*)) = 1, 
which implies the statement by Proposition 12.81 □ 



11. Appendix: Group extensions as G-graded fusion 

categories 

by Ehud Meir 

11.1. Introduction. In this appendix we will discuss a special class 
of extensions of a fusion category by a finite group. Let P be a finite 
group which fits into a short exact sequence of groups 1 ^ — 
P — > G ^ 1. Suppose that we have a 3-cocycle u G if^(P,k^), and 
the corresponding fusion category C = Vecr^oj- This category has a 
subcategory V = VeC]\f^^ (where by u we also mean the restriction 
of u to N), and C is a G-extension of V. It is possible to classify 
directly extensions of "D by G which are also pointed; one needs to give 
an extension P of G by A^, and to give an extension of the cocycle 

on to a cocycle on P. We will explain here why this solution 
and the solution given by the theory of G-extensions developed in the 
paper are equivalent. We will do so in the following way: we will 
take a parameterization (c, M, a) of a pointed G-graded extension of 
V, as in Theorem 11.31 and we will explain why this parameterization 
is equivalent to giving an extension P of G by A^ and an extension 
of to a cocycle on P. In order to do so we first study the groups 
Aut(g,(V) and Out^(V) of tensor autoequivalences and outer tensor 
autoequivalences of V, respectively, since these two groups will play a 
decisive role in understanding the triple (c, M, a). We then describe 
the group T = lm/{Z{V)) of invertible objects of the center, in order to 
understand the obstruction 03(c) which lies in H^{G,T). Using this, 
we will explain how to "translate" a triple (c, M, a) to an extension P 
of G by A^ together with a 3-cocycle on P which is an extension of u. 
If H is any finite group and u G H'^{H, k^), we will denote the simple 
objects of VecH,oj by {Vh}heH- 

11.2. The groups Aut^(r') and Ont^{V). Let $ G Aut^(r'). By 
considering the way in which $ acts on simple objects of V (which 
correspond to elements of A^) we get an automorphism of A^. The 
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additional data which we need in order to turn $ into a tensor autoe- 
quivalence of T) is an isomorphism, for every a,b E N, 

This isomorphism is given by a scalar which we will denote 7$ (a, b). It 
is easy to see that the equation that 7$ should satisfy is 

d'y^{a, b, c) = uj{(f)^'^{a), (f)^^(b), (t)^^{c))uj^^{a, b,c) = (f) ■ u/uj. 

In other words, in order for (p to furnish a tensor autoequivalence, it is 
necessary and sufficient that (p ■ u = uj in H^{N,k^). We will denote 
the subgroup of all such automorphisms by Aut{N,uj). We thus have 
an onto map tt : Aut^{V) Aut{N,uj). A direct calculation shows 
that the kernel of this map is H'^{N, k^). We thus have a short exact 
sequence 

(69) 1 ^ H\N, k^) ^ Aut55(r') ^ Aut(A^, uj) ^ 1 

Notice that in the case uj ^\ this sequence does not necessarily split. 

For every n E N we have an autoequivalence C„ of conjugation by V^. 
This is the autoequivalence which sends the object Va to 
and the tensor structure is defined in the obvious way. Notice that 
in particular this gives us a canonical 2-cochain t„ such that 9t„ = 
uj{n~^ln)/uj{l). As expected, this defines a homomorphism of groups 
Con : — > Avit^{T>). The image of Con is a normal subgroup, and 
we will denote the quotient of Aut^(r') by imiCon) by Ont^iV). 

11.3. The group \wf{Z{T>)). We will now describe the group T = 
Inv(^(T')). This is a special case of Theorem 5.2 of |GN] . where the 
group of invertible objects of a general group-theoretical category was 
described. An invertible object of Z{'D) would be an invertible object 
of T) (that is V^, for some z G A^), such that for every a G A^, we have 
an isomorphism K — >■ K ® K (and thus, z G Z{N), the center 
of A^). The element z should satisfy however another condition. The 
map Vz ^Va Va®Vz (if it exists) is just multiplication by a scalar. 
Denote this scalar by r(a). Then a direct calculation shows that the 
set of scalars r{a) will define on a structure of a central object if 
and only if the equation 

r{a)r(b)r(ab)~^ = uj{z, a, b)uj{a, b, z)uj~^(a, z, b) 

holds. We have the following fact, which can be easily proved directly: 

Fact 11.1. For every z G Z{N), the function 

(70) Cz{a, b) = uj(z, a, b)uj{a, b, z)u~'^{a, z, b) 
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is a 2-cocycle of with values in k^. The conjugation map Con : 
N Aut^{V) maps Z{N) to H^{N, k"") via z ^ c,. 

So conjugation by Vz where z e Z{N) is not necessarily the trivial 
autoequivalence of V. It is the autoequiovalence given by the 2-cocycle 
Cz- An object Vz, for z G Z{N) would have a structure of a central 
object if and only if conjugation by Vz is trivial, that is, if and only if 
is the trivial cocycle. We will denote the kernel of z \—>- Cz by Z{N,uj) 
(so this is also the kernel of ^ Ant(^{V)). Thus, we have an onto 
map T Z{N,uj). What would be its kernel? To give Vi a structure 
of an object of Z{T>) is the same thing as to give a function r : A^ — > k^ 
which satisfies r(a)r(6) = r{ab), i.e. a 1- cocycle. Since 1-coboundaries 
are trivial, we can describe T as an extension of the form 

(71) 1 ^ H\N,k'') ^ Z{N,iu) ^ 1. 

In case a; 7^ 1, this sequence does not necessarily split. 

The group Ant^(V) acts naturally on T. As objects of T are central 
in V, it is easy to see that inner automorphisms would act trivially on 
T. We therefore have an induced action of Out^{T>) on T. 

11.4. The homomorphism c. If C is a pointed extension of V, it is 
easy to see that for every g E G, the bimodule category Vg is a quasi- 
trivial bimodule (as defined in Section r4.3p . It follows that there are 
autoequivalences ^{g) G Aut^{'D) for g E G, such that Vg = X)*(5'), 
that is, Vg is the same category as V, but the action of V ^ V°^ is 
given by 

(72) (K K K) ®V,= (K ® H) ® $(^?)(K). 

It can easily be seen that the bimodule category Vg defines the autoe- 
quivalence $((?) only up to conjugation by an invertible object of V. So 
OVii(g,{V) is a subgroup of BrPic(P), and the image of c : G — >■ BrPic(P) 
lies inside Ont(x,{V). For each g E G, choose an autoequivalence $((?) 
of V, whose image in Out^{V) is c{g). We thus have an isomorphism 
of functors 

(73) Pg,H : HgMh) ^ Cn^g,h)Hgh), 

where n{g, h) G A^. Notice that we need to make a choice here, as 
n{g,h) is defined only up to a coset of Z{N,u) in A^. We can think 
of the morphism Pg^h as a 1-cochain which satisfies a certain boundary 
condition. We also make a choice in choosing the Pg,hS. As explained 
above, we will think of $((?) as an automorphism (j){g) of A^, together 
with a 2-cochain 7^ on A^ which satisfies 

(74) d^g = ct>{g) ■ u/u. 
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Equation ( 1731) simply means that we have equality of automorphisms 
of N, (f){g)(f){h) = Cn(g,h)4>{gh)^ where c„ means the automorphism of 
conjugation by n, and also that the 2-cocycle 

(75) Ug^h = Igi^ig) ■ lh)t~lg^y^){Cn ■ Igh) 

where t„ was described above, is trivial, and equals to dpg^h (this is the 
boundary condition that Pg^h should satisfy in order to be an isomor- 
phism between the functors described above). 

11.5. The first obstruction. We will explain now what the first ob- 
struction 03(c) looks like in our context. Recall that 03(c) is an element 
of H^{G,T). Assume that g,h,k are elements of G. Let us describe 
03{c){g, h, k) G T. In order to do so we need to choose equivalences 
of X>-bimodule categories Vg Klx> Vh = Vgh for every g,h E G. By the 
universal property of tensor product of bimodule categories, this is the 
same as to give a balanced "D-bimodule functor Fg h : Vg^Vh ^ Vg^ 
for every g,h G G, such that the universal property from Definition 3.3 
holds. We choose 

(76) F,,,(K K H) = (K ® ^{g){Vb)) ® v;(3,,). 

The isomorphism Pg^^ of autoequivalences of V given by Equation (1751) 
equips the functor Fg^h with a structure of a balanced P-bimodule func- 
tor. The idea now is that we have two functors from Vg M T>h Kl T>k 
into Vghk, namely Fg^hkFh,k and Fgh^^Fg^t- As both functors can be 
used in order to identify Vghk with Vg Kl© Vh KId Vk, there is an 
equivalence of P-bimodule categories yg,h,k '■ T^ghk — > T^ghk such that 
Fg,hkFh,k = yg,h,kFgh,kFg,h- As P-bimodule equivalences of Vghk corre- 
spond to elements of T as explained in Section 18. 4^ this yg,h,k corre- 
sponds to 03{c){g,h,k). Using these considerations, a more explicit 
description of 03(c) can be given in the following way: for g,h,k E G, 
the isomorphisms of functors given in Equation (173!) give us the follow- 
ing isomorphism of functors: 

(77) Cn{g,h)n{gh,k)n{g,hk)'^<l>{9){n{h,k)~^) — 
Cn{g,h)Cn{gh,k)C;;^gf^f^)^ig)C-^\,^^^{gy^ 

^ ^g)^h)^gh)-^^gh)^k)^ghk)-^^{ghk)^hk)-^^g)-^ 

<^{g)<^{hk)<^{k)-^<l>{h)-^<^{g)-^ ^ Id. 

But to give an isomorphism of functors 0„ = Id, is the same thing as 
to give a structure of a central object on Vn- This (invertible) central 

object Vn{g,h)n{gh,k)n(g,hk)'^<l>{9){n{h,k)-^) WOuld bc O3 (c) (^f , /l, fc) . NoticC 

that choosing different isomorphisms Pg^h or different coset represen- 
tatives n{g,h) would change 03(c) only by a coboundary, and thus 
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will give an equivalent cocycle. We will be interested in the case in 
which 03(c) vanishes in H^{G,T). In case it vanishes, we will call an 
element p G C'^{G,T) which satisfies dp = 03(c) a solution for 03(c) 
(and use similar terminology for other obstructions). The choice of 
a solution in this case therefore corresponds to the choice of a sys- 
tem of products. In our case this is equivalent to choosing the ele- 
ments n{g, h) and the morphisms Pg^h in such a way that the obstruc- 
tion we get is the trivial 3-cocycle. This means that the equation 
n{g, h)n{gh, k) = (f){g){n{h, k))n{g, hk) holds in N (and not only up to 
a coset of Z{N,u!)), and also that the functions Pg^h satisfy a certain 
boundary condition which we will consider later. 

11.6. Vanishing of the first obstruction, the Eilenberg - Mac 
Lane obstruction, and the choice of a solution. The description 
of T as an extension of Z{N, uj) by H^{N, k^) will help us understand 
the vanishing of 03(c) in two steps. Assume first that we know that 
the image of 03(c) in H^{G, Z{N,u)) (which will be denoted by 03(c)) 
vanishes. This means that we can change the elements n{g, h) by el- 
ements of Z{N,uj) (that is, to take different coset representatives) in 
such a way that the equation 

(78) n{g, h)n{gh, k) = (f){g){n{h, k))n{g, hk) 

holds in A^. A solution to 03(c) in H^{G, Z{N,uj)) would therefore be 
a choice of coset representatives n{g,h) which satisfy Equation fl78|) . 
This would give us a group extension 

(79) 1^ N -^T ^ G ^ 1 

We will think of elements of F as products of the form ng where n E N 
and g E G. The product of two such elements would be ngmh = 
n(l){g){m)n{g, h)gh. Equation ( ITHj) is thus equivalent to the associativ- 
ity of r. It can be checked that the image of 03(c) in H^{G,Z{N)) 
coincides with the Eilenberg-Mac Lane obstruction for the existence of 
a group extension of G by A^ with the given "outer" action c : G ^ 
Out(^(V) Out(A^). See |Ma] for a description of this obstruction. 
Suppose that we have chosen a solution p for 03(c) (and therefore we 
get a group extension F of G by A^). Lift p to a 2-cochain p of G 
with values in T. The cocycle 03{c)dp~^ has all its values in the sub- 
group if^(A^, k^). It is easy to see that the class of this cocycle in 
H^{G, H^^Njk^)) is well defined and does not depend on the choice 
of the particular lifting, but only on the choice of the solution p. We 

will denote this cocycle by Os^c)^. It is easy to see that the vanishing 
of 03(c) is equivalent to the fact that 03(c) vanishes, and that we can 
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find for it a solution p sucli tliat 03(0)^ vanislies as well. A solution for 

03(c) will then be of the form p/i, where /i is a solution for 03(0)^. So 
the situation we will consider from now on is the following: we have a 
group extension F of G by A^, and we also have 03(0)^, the "remain- 
der" of the first obstruction 03(c). We will now describe the second 
obstruction 04(0, M), and see how all this data corresponds to data 
from the spectral sequence of the group extension. 

11.7. The second obstruction. Let us now describe the secondjab- 
struction 04(0, M) (we assume that we have a solution p for 03(0)^). 
We "almost have" the extension a; of a; to F in the following sense: if we 
knew uj{g, h, k) for every g,h,k G G, we would have known u{a, b, c) 
for any a,b,c G F. This is because the system of products enables 
us to express any value of lD solely in terms of the values LD{g, h, k) for 
g,h,k & G. So choose such values arbitrarly, for example, Lu{g, h,k) = l 
for every g,h,k & G. Now consider the hexagon diagram for g, h, k, I, 
where g, h,k,l & G. It will be commutative up to a scalar, which will 
be 04(0, M){g, h, k,l). A choice of different arbitrary values would give 
us a coho mo logons cocycle. A solution for 04(0, M) means a collection 
of values ui{g, h, k) which will make u a 3-cocycle on F. By choosing a 
different solution, we will get another extension of u to F, which differs 
by a pullback to F of a class a G H^{G, k^). In the context of the data 
(c, M, a), we assume that we have one fixed solution t] for 04(0, M), 
and that we take the solution rja, where a G H^{G, k^). 

11.8. The LHS spectral sequence. We have already seen that the 
data (c, M, a) yields an extension F of O by A^. We will now explain 
how it determines the extension a) of a; from A^ to F. In order to do 
so we will use the Lyndon-Hochshild-Serre (abbreviated LHS) spectral 
sequence 

(80) Ef''^ = HP{G, m{N, k^)) ^ E^J = H^+\T, k^) 

A general discussion of this spectral sequence can be found in [R] and 
in |Maj . We will use this spectral sequence to understand how the van- 
ishing of the obstructions and the mere existence of c : G — >• Ontt^iV) 
imply that uo can be extended to a 3-cocycle on F, and how the choices 
of c, M and a give us a specific extension of to F. The idea is the 
following: we consider u as an element of = H\G,H^{N,\!i'')). 
Using the theory of spectral sequences, we know that oj is extendable 
to F if and only if d2{oj) = in -^2'^, d^ioj) = in £'3'^ and ^4(0;) = 
in i?4'°. In case this is true, the theory of spectral sequences also 
gives us all possible extensions of u; to F. They are parameterized 
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in the following way: if ^2(1^) = 0, this means that a certain equa- 
tion has a "solution" (we will soon see this explicitly). We need to 
choose a solution 7, and then uo and 7 together will define an element 
iT'^ e eI'^ = H^{G, H^{N, k^)). This element P''^ will be in the kernel 
of d2, and the image of P''^ in E^'^ would be d^^u) (recall that E3 is the 
cohomology of {E2, ^2))- The fact that d^lu) = means that for some 
of the solutions 7, the cocycle P''^ would be trivial. We need to choose 
only such 7's. Again, the fact that P'^ = means that some equation 
has a solution, and we need once again to choose such a solution, which 
we will denote by p. Exactly like at the previous step, u, 7 and p will 
define an element j'^-^-p G E^'^ = H'^iG, H'^{N,k'')) = i/4(G,k^). The 
cohomology class j'^''^'^ will obviously be in the kernel of d2 and d^, as 
they are trivial on £'2'° and E^'^ respectively. The image of j^'^'P in 
E^'^ would be exactly ^4(0;). The fact that ^4(0;) = is equivalent to 
the fact that we can choose 7 and p such that j'^''^'P = in H'^{G, k^), 
and we will choose only such 7's and p's. The construction of j'^''^'P 
gives it as a cocycle rather than just as a cohomology class. Therefore 
we also need a 3-cochain (3 G C^(G', k^) which satisfies d(3 = j'^''^'^, 
that is, we need a solution to this equation. The tuple (7,^, /?) will 
give us, by the theory of spectral sequences, the desired extension of u 
to r. We will now explain the connection between the tuple {jjPjjS) 
and the data (c, M, a). We do so by considering the different pages of 
the spectral sequence. 

11.8.1. The first differential in page £'2. Let us describe d2{uj). The 
cocycle u is G-invariant, and therefore for every g ^ G we can find 
a 2-cochain 7^ such that d'jg = (f){g) ■ u/uj. Let g,h G G. Since 
(j){g)(j){h) = Cn(g,h)(p{gh), we have a two cocycle on with values in k^, 

(81) Ul„ = \ 

The function which takes {g, h), for g,h ^ G, to the cocycle f/J^ is a 
2-cocycle of G with values in H'^{N, k^). Different choices of 7g's would 
give us cohomologous cocycles. The cocycle t/J^ is trivial if and only if 
there is a choice of 7g's for which f/J^ would be a coboundary for every 
g,h E G. A direct calculation shows that d2{uj) = f/J^. We claim that 
the existence of $ implies that d2{uj) is trivial. This is because we can 
choose the 7g's we have in the definition of $, in equation fl74|) . and 
for this choice we know that f/J^ = dpg^h- So the "equation" we have 
here is C/J^ = 1 in H'^{N, k^), and the solution 7 is given by $, which 
comes from the homomorphism c. 
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This 7 is the first part of the data needed in order to define the 
extension of uj. 

11.8.2. The second differential in page . We consider now the cocycle 
^7:"^ G if^(iV, k^)). In order to construct i'^''^ we need to choose 
1-cochains Pg^h for every g,h G G in such a way that the equation 
dpg^h = U'^h holds. We have such 1-cochains given in Equation (I73|) . 
If we take the 1-cochains from Equation fl73l) and compute i"'''^ , we 
get i"'''^ = 03(0)^. So the vanishing of the first obstruction implies 
also that d^^uj) = 0, and the second part we need in order to define 
the extension of u is the collection of isomorphisms Pg^h (which comes 
from the system of products M). Again, p = {pg^h} is a solution to an 

equation which says that 03(0)^ is trivial (recall that 03(c) was defined 
using the Pg,hs). 

11.8.3. The third differential in page E4. Finally, consider the cocycle 
j^a,p_ A direct calculation shows that this is exactly 04(0, M). So the 
vanishing of the second obstruction implies that di{(jj) = 0. The last 
choice we need to make is to choose a 3-cochain /3 G (7^(0, k^) such 
that df3 = But the data (c, M, a) determines such a solution. 
The solution will be /3 = r/a, where rj is the fixed solution for 04(0, M) 
we assumed we have. 

References 

[BK] B. Bakalov, A. Kirillov Jr., Lectures on Tensor categories and modular func- 
tors, AMS, (2001). 

[B] H.-J. Baues, Combinatorial homotopy and 4-dimensional complexes, de 

Gruyter Expositions in Mathematics, 1991. 
[CG] A.M. Cegarra, A.R. Garzon Obstructions to Clifford system extensions of 

algebras, Proc. Indian Acad. Sci. Math. Sci. Ill (2001), no. 2, 151-161. 
[CGO] A.M. Cegarra, A.R. Garzon, J. A. Ortega Graded extensions of monoidal 

categories, J. Algebra 241 (2001), no. 2, 620-657. 
[Da] E.G. Dade Group graded rings and modules. Math. Z. 174 (1980) 241-262. 
[D] P. Deligne, Categories tannakiennes, in : The Grothendieck Festschrift, Vol. II, 

Progr. Math., 87, Birkhauser, Boston, MA, 1990, 111-195. 
[DGNO] V. Drinfeld, S. Gelaki, D. Nikshych, and V. Ostrik, On braided fusion 

categories I. 

[Di] L. E. Dickson, Linear groups, Leipzig (Teubner), 1901. 

[EM] S. Eilenberg, S. Maclane Gohomology theory in abstract groups. II. Group 
extensions with a non-abelian kernel, Ann. of Math., 48 (1947), 326-341. 

[Et] P. Etingof, On Vafa's theorem for tensor categories. Mathematical research 
letters. Vol. 9(5),. 2002 , pages. 651-658. 

[ENOl] P. Etingof, D. Nikshych, V. Ostrik, On fusion categories. Annals of Math- 
ematics 162 (2005), 581-642. 



FUSION CATEGORIES AND HOMOTOPY THEORY 



69 



[EN02] P. Etingof, D. Nikshych, V. Ostrik, An analogue of Radford's formula 
for finite tensor categories, Int. Math. Res. Not. (2004) no. 54, 2915-2933. 

[EN03] P. Etingof, D. Nikshych, V. Ostrik, Weakly group-theoretical and solvable 
fusion categories, arXiv:0809.3031, 

[EO] P. Etingof, V. Ostrik, Finite tensor categories, Moscow Math. Journal 4 
(2004), 627-654. 

[FW] A. Frohlich, C.T.C. Wall Graded monoidal categories, Compositio Math. 28 
(1974), 229-285. 

[Ga] C. Galindo, Clifford theory for tensor categories, arXiv:0902.1088, 

[GN] S. Gelaki and D. Naidu. Some propoerties of group theoretical categories. 

Journal of Algebra 322 (2009) 2631-2641. 
[GN] S. Gelaki, D. Nikshych, Nilpotent fusion categories. Adv. Math. 217 (2008), 

1053-1071. 

[GNN] S. Gelaki, D. Naidu, D. Nikshych, Centers of graded fusion categories, 

'arXiv:0905.3117, 
[Gr] J. Greenough, in preparation. 

[G] L. Grove, Classical groups and geometric algebra. Graduate studies in Mathe- 
matics, 39, AMS (2001). 

[Je] Extensions of groups by braided 2-groups, in preparation. 

[JL] D. Jordan and E. Larson, On the classification of certain fusion categories, 
arXiv:0812.1603, 

[KV] M. Kapranov, V. Voevodsky, 2-categories and Zamolodchikov tetrahedra 
equations, Algebraic groups and their generalizations: quantum and infinite- 
dimensional methods (University Park, PA, 1991), 177-259, Proc. Sympos. 
Pure Math., 56, Part 2, Amer. Math. Soc, Providence, RI, 1994. 
[Kar] G. Karpilovsky, The Schur multiplier, London mathematical society mono- 
graphs new series 2, Oxford science publications. Northern Ireland, 1987. 
[Lu] J. Lurie, Higher Topos theory, http://www-math.mit.edu/~lurie/ 
[M] S. MacLane, Categories for the working mathematician. Graduate texts in 

mathematics, 5, 2nd edition. Springer- Verlag (1998). 
[Ma] S MacLane. Homology. Berlin. FRG: Springer- verlag. (1963) 
[Mu] M. Miiger, From subfactors to categories and topology I. Frobenius algebras in 
and Morita equivalence of tensor categories, J. Pure Appl. Algebra 180 (2003), 
81-157. 

[Na] D. Naidu, Categorical Morita equivalence for group-theoretical categories. 
Comm. Algebra 35 (2007), no. 11, 3544-3565. 

[NN] D. Naidu and D. Nikshych, Lagrangian subcategories and braided tensor equiv- 
alences of twisted quantum doubles of finite groups, Comm. Math. Phys. 279 
(2008), 845-872. 

[01] V. Ostrik, Module categories, weak Hopf algebras and modular invariants. 
Transform. Groups, 8 (2003), 177-206. 

[02] V. Ostrik, Module categories over the Drinfeld double of a finite group. Int. 
Math. Res. Not. (2003) no. 27, 1507-1520. 

[Q] F. Quinn, Group categories and their field theories, in: Proc. of the Kirbyfest 
(Berkeley,. 1998), Geom. Topol. Monogr., Vol. 2, Coventry, 1999, 407-453, 
arXiv:math/9811047, 

[R] Joseph J. Rotman. An introduction to homological algebra (Universitext) . Aca- 
demic press (1979) 



70 



PAVEL ETINGOF, DMITRI NIKSHYCH, AND VICTOR OSTRIK 



[S] P. Schauenburg, The monoidal center construction and bimodules, J. Pure Appl. 
Alg. 158 (2001), 325-346. 

[Ta] D. Tambara, A duality for modules over monoidal categories of representations 
of semisimple Hopf algebras, J. Algebra 241 (2001), 515-547. 

[Tul] V. Turaev, Homotopy field theory in dimension 3 and crossed group- 
categories, arXiv:math/0005291 

[Tu2] V. Turaev, Crossed group-categories, Arabian Journal for Science and Engi- 
neering, 33, no. 2C, 484-503 (2008). 

[TY] D. Tambara, S. Yamagami, Tensor categories with fusion rules of self- duality 
for finite abelian groups, J. Algebra 209 (1998), no. 2, 692-707. 

P.E.: Department of Mathematics, Massachusetts Institute of Tech- 
nology, Cambridge, MA 02139, USA 
E-mail address: etingof@math.niit.edu 

D.N.: Department of Mathematics and Statistics, University of New 
Hampshire, Durham, NH 03824, USA 
E-mail address: nikshych@math.unh.edu 

V.O.: Department of Mathematics, University of Oregon, Eugene, 
OR 97403, USA 

E-mail address: vostrik@math.uoregon.edu 



